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Abstract

This paper investigates algorithms for the construction of sub-Gaussian models for the Gaussian stationary random processes with
continuous spectrum. Estimates for random processes with analytical correlation functions retrieved and improved existing ones.
Algorithms for simulation of random processes with given accuracy and reliability in various function spaces were constructed.
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1 Introduction

In this paper, we continue to examine algorithms for
constructing  sub-Gaussian models for Gaussian
stationary random processes and fields [1-5]. To
construct models of stochastic processes we use their
spectral image in the form of stochastic integrals. In [6-9]
we studied the modelling techniques and conditions of
weak convergence models. Same works suggested to use
the assessment points of difference for the process and
model to assess the accuracy of the simulation. Papers [3-
4] studied the rate of convergence of sub-Gaussian
patterns in different functional spaces. It is possible to
construct algorithms for simulation of random processes
and fields with given accuracy and reliability for various
functional spaces.

Strictly sub-Gaussian random spectral expansions of
random processes was proposed to examine as the model.
Sub-Gaussian properties of random processes researches
are given in [10-11].

When constructing models of Gaussian random
processes with given accuracy and reliability in various
functional spaces we need to assess growth of
F(0)-F(A)F, where A>0, F(A)- the spectral
function of the process. If the spectral function is known,
it is not difficult. Another situation where the only
correlation function is known and the spectral function
cannot be found explicitly.

Improved estimation for stationary Gaussian
processes with continuous spectrum with correlation
functions with desired properties was obtained in [1-5].

2 Basic concepts and definitions

Let (€,B,P) - be a standard probability space.
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Definition 1. A random variable & is called sub-
Gaussian, if E&=0 and exists a>0 such that

242

Eexp{A&} < exp{ﬂL a

}forall AeR'.

A space of sub-Gaussian variables Sub(€Q) is Banach
relative to the following norm

(e) - ZOEPLEL

If 7(£)=E&® - called strictly sub-Gaussian random

variable.
Let £(t)- be a real Gaussian stationary random

process with - E&(t) =0, R(z)— correlation function of
E(t), F(A) - the spectral function of the process &(t),

R(r)=Icos(/1t)dF(/1). A random process be
0

represented as £(t) = :cfcos(/lt)dfl(/l) + .Tsin(/lt)df2 1),

where £ (t) and &,(t) - the centered and uncorrelated
random processes with uncorrelated increments such as

0<A <% and E(&(2)-4&(A)) =
=E(&(4)-&(4) =F(L)-F(4).

Let Dy- be some partition of the interval [0,A}
D,:0=4 <A <..<A =A. The model of random
process &(t) can be

5, (tA)= 3 [ cos(A0)(&(4,) - &(A)) +
+sin(4t)(& (4.) & () ]

obtained as
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The model of process &(t) can be obtained by

modelling the sum nZfl"[cos(/l,t)mi+Si”(/l,t)772i], where

{m.,m,} - centered uncorrelated Gaussian random

variables with E(,) = E(n,,) = F(4,)— F(4). Given

the precision of work with real numbers and algorithms
errors for simulation Gaussian random variables, lets

consider {n,,7,} - be a sequence of strictly sub-
Gaussian uncorrelated random variables. Let &(t) and all
S,(t,A) belongs to certain functional Banach space
A(T) with norm of || . Let the two numbers be as follow
6>0and O<a<l.

Definition 2. Model S (t,A) approximates the
process &(t) with reliability 1—¢ and accuracy & in the
norm of space A(T), if the following inequality holds

P{||§(t) -S, (LA))> 5} <e
3 Main results

Theorem 1. Model S, (t,A) approximates the process
£(t) with reliability 1— & and accuracy & in the norm
of process L,(T), if for the numbers A and n the
following  inequalities  hold B, <6’

exp{i} o exp4 — & <eg
2 \/B_ 2B, |
B,, = j E(E)-S, 6 A)) dut) .

The proof of the theorem can be found in [3-5].
When for the correlation function R(z) and spectral

and

where

function F(41) of process  £&(t) performs
R(0) = F(oo):l (in the general case we can assume
R(7) F(4)
R(z)=——= and F(1)=—-—=), then R can be
®=%0 D=t (@)

considered as the characteristic function of some random
variable with symmetric distribution function G(4) and
when 4 >0 we have F(1) =G(1) -G(-1) .

The following assertion holds.

Theorem 2. Let’s assume that for the correlation
function R(r) and for some t, when [t/ <t, the following

R() <&
1—@3 JZ::, w;(t),

w,;(t), j=12..K - monotone nondecreasing functions,

condition holds where

w,(0)=0, such as, when [uv| <t,, w,(uv) <y (U)yi(u),

where . (u)20,i=12 j=12.K -  monotone
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nondecreasing functions, z//;(O):O, then following
inequalities hold

. 2 2 & h
1)if h>— ,then1-F(h)<= H — 1,
)it h> (=23 (Zj

. 3 8 < h
2) if h>t—,then 1—F(h)33—z H,, (—J

N T 4o 3

4

H,, (h)=y; (%)Uwf(wdu + ! Wu‘(u) du}
2
+ 1
(n+1)(ht,)"

The theorem is a general result of Lemma 4 and
Theorem 1 from [2].
Corollary 1. Let assume that for the correlation

function R(z) and some t, when |t|<t, the following
RO _ .

R(e)

we have the following estimates

. 4 KIS h
3)if h>— then 1-F(h)<=> H, |-,
) ) () EZ U

where

condition holds 1- “,0<a<2. Then for

It

_F
F ()

1

1)ifh>t3,03a<1,
F(h) 2

, (h
F (oo) r Ho, [Ej 7 @)

2)ifh>t§,osa<2,

0

then 1—w<£ !

h
F(e) 37 HL. (Ej ’ @)

3)ifh>ti,05ag2,
F(h) 3

, (h
F (oo) Vid Ha. (ZJ 7 @)
L, () == (i+ - j+

a+l n+l-o
where
2 Cty
+ p—
(ht,)""(n+1 n+l-a

The proof follows directly from Theorem 2.

These estimates depend on «, so, having small «
(1) is a better estimate, but when « >1 then estimate (3)
is better. Estimate (2) should be compared in each
particular case. Obtained results can be used for
evaluation F(x0)—F(A).

Suppose that the correlation function
derivatives of order 4k, k=12,....

then 1—

then 1—

R(r) has
Since
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R™(7r) = (—1)2kj;t4k cos(Ar)dF (1), then R ()~ the
correlation functoion of a random process with a spectral
function F, (1) = ju“de(u) .

0

There is an inequality

@

Fo ()~ F (A) = [u™dF (u) > A" (F () - F(A)), then

>

1
F )= F(A) < (R () - F(4)):
Corollary 2. Suppose k =1,2,... for the correlation
function R™(z) and for some t, when |t|<t, the

(4K) K
1o RO > v, (),

following condition holds

R(4k) (oo) - =
where w, (1), j=12..K satisfies the conditions of the
theorem 2. Then for 1—M we have
()
. 2
1) if h>—, then
tD
2 & h
F(0)-F () <=F () H,, | =],
T = 2
. 3
2) if h>—, then
tO
Fo)-FM <R H, (1),
3z —~ i3
3) if h> 4 , then
tO
R -FM<2F @Y 1, (ﬁ , where
T = Yi\ 4

hty

2
jvljng?) duj+
) u

H,, (h)=y [%J(wa(u)du +

2
(n+1)(ht,)"

The proof follows directly from Theorem 2.

More accurate estimates can be obtained when R(7)
is analytical. Let ¢ be a positive probability unit, F(x) -

its distribution function and ¢(r) = jcos(ur)dF(u) - the
0

characteristic function.
Lemma 1. If ¢(r) analytic in some district of zero

and there are numbers L>0 and « >0, such as for all

) (0) < (Lk)™,

k >1 the following condition holds
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then in case of h > (Le)% the following inequality holds

2

h*a
1-F(h)=P{{ >h! <exps-—
(N =P{Szhj<exp)—=—

Proof. From the Lyapunov inequality follows that
when 2k —2<s<2k, k>1 we have
(EC*)s <(ES™ ). Whereas,
E¢* = ¢(2k)(0)|:.|.x2de(x) then when s>1 there are

0
relation
E¢* <(EC™ ) <(Lk)? <(Ls)? (KJZ <(Ls)? .
s

So, when s>1 we have E¢° S(Ls)%s. From this
inequality and Chebyshev inequality implies that

h>0,s>1 the following irregularities take place
P{¢>h} sEh—é: S{L—ZSJ . Minimizing the right side by
he

2

s, inthis case s= % , We obtain the required inequality.

Let F(u),u>0 - be a spectral function of a stationary
F(u)

(=)
function of the distribution of positive random variable
¢ , then we have the following theorem.

Theorem 3. Let the correlation function R(z) of a
stationary random process £(t) be analytic in some
district of zero and there are numbersL >0 and m>0,
such as for all k>1 we have the following estimate

R (0)|S(Lk)mk, then when h>(Le)g the following

2
h™m
2Le

process. Since function can be considered as a

inequality holds 1— F(h) <exp{-—

4 Examples

Consider a stationary random process &(t) — with

correlation  function R(r)erXp{—C|r|}, where

A>0, C>0. Spectral function F(1)= A arctg(%)
T

and F(o)—F(A) = é(% — arctg(%)) .
T

Let for stationary random process &(t) correlation
function R(z) = Aexp{~Clz|}cos(Bz), where A>0,
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C>0 and £>0. Spectral function
C(C*+p*+ A
f(ﬂ)=A Clei+p+2) . For F(x) - F(A)
7 (A -p-C* ) +4C22?
the following holds
F(0)—F(A) =
_AC}

1 1
— =+ = |dX =.
2 A[C2+(ﬁ+x) C*+(B-x) ]

= A[ﬂ' —arctg [Mj —arctg (MJ]
2z C C

Consider a stationary random process &(t) with
correlation  function R(r):Aaexp{—C|r|“}cos(ﬂr),
where A >0, C>0, >0 and 1l<a<2. Let us
estimate F(w)—F(A) for the corresponding spectral
function. Set R(0) = F(x0) = A =1.

Let 1<a<2, since when x>0 the following
2

inequalities exp{—x}>1-x and cos(x)>1- X? , and

1
when |r| <t, = min (C_”, \/E,BlJ we have

_ _ _ a _ﬂZTZ _ o
1-R(r) <1-(1-Clr )(1 o |=Clel" +
2.2 2.2 2.2
BT o A Sc|,|a+ﬂ’_f_
2 2 2
Thus, according to corollary 1, when h >ti we have
0
1- F(h)<— 2 h +H,, Ej , where
4 “\ 4
33 C( 1 1
H.,,(a)= and H, (a)=—| —+—1|.
:2(3) 43’ :a(8) a“[a+1 3—0{)
That is, when h> 4 we have
0
Ay (Dng(2))-
“\ 4 “\ 4

3A, 4“(:( 101 j 12°
=— + + _
z \ h \la+l 3-«a h?
Let o =2. Note that R(r):exp{—C|r|2}cos(ﬂr) -

is the product of two characteristic functions:

(//l(r):exp{—C|r|2} - characteristic function of a

random variable ¢, which has a normal distribution from

EC, =0, Ef=— v, () =cos(pr) -

—, and
2C

10
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characteristic function of a random variable £, with a
distribution law P{¢, = 8} :% and P{¢, =8} ==

So R(zr) — is the characteristic function of a random
variable £'=¢, +¢,, where £, and ¢, are independent.

That is, if A>0
1-F(h) = P{|§| > h} = P{|§’1 +&|> h} =
_ P{|¢. + 8> h} N P{|¢, - B|>h}

2 2 '

If h> g, itis easy to see

:%(P{|§1|>h—,6’}+P{|§1|>h+,8})=
:[ jl[_[exp -t°C dt+_[exp tC}dtJ
:@( [ exp{-ujaus | exp{—uz}du}
(h-p)NC (h+p)NC
‘f((h A P
+mexp{—C(h+ﬁ)z}J.

That is, when h> £ we have the following inequality

1-F(h)

1-F(h)
So,

F(0) - F(h)

‘F[(h N

2 2
+mexp{—C(h + ) }J

5 Estimation of model parameters

Let the random process £(t) be defined on the interval
[0,T], T >0. Model of random process &(t) built as

S, (tA) [cos (At)m, +sin(At)m, | where

D, :0_2~D <ﬂ1 <..<A =A - uniform partition of the
interval [0,A], and {r,,7,} - strictly sub-Gaussian
independent random variables with
E(m) =E(m) =F(A)—F(A).

Let’s find such A and M, that the selected model
approximates the process &£(t) with given accuracy o

and reliability 1—& in L, (T).
By the theorem 1 for the unknown A and M the
following inequalities must hold By, , <6% and
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2
By <—
MA = !
S

where s, - the root of the equation

For random process &£(t) with correlation function
R(r):Aexp{—C|r|}, where A>0, C>0

uniform partition of the interval [O, A] the following
372

Az F(A)+T(F(o)—F(A)). Hence,

and

holds B, , <

T3A2 TA A
B < F(A)+—| ——arct
MA T 3\ 2 )+ r (2 g[cD

E(, ) =E(n, ) = :(arctg(ic j arctg(é D

For random process &(t) with correlation function
R(z) = Aexp{- Clr|fcos(z), where A>0, C >0,

£ >0 and uniform partition of the interval [O,A] the
following holds

TN A A+ A-p
By < VE F(A) +( —arctg[cj—arctg(cjj

2 _ 2 _i ﬂ‘i+l + ﬂ
E(’hi) = E(’?zi) o [arctg(—c ]+

+arctg [/I”C—_ﬂj —arctg [ACL’BJ —arctg (}“'CiD :

For stationary random process &(t) with correlation

and

and

function R(r)=A, exp{— Cle|” }COS(,BT), where
A,>0, C>0, B>0, 1l<a<2 and
E(’7|i )2 = F(Unl) F(u; )__ I_fl ICOS v7)R )dfdv_

a0 )
exp? Cl” }Mdr

Consider A, when A2>A, :max(l, tij where
0

1
t, = min[C G ,\/Eﬁ_l} Then we have

12ﬁ2)

AL
F(0) - F(A) 2% where

Aa

a+l
L3 _ca
7\ (a+D)B-a)

11
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TN TA,L,
Therefore, Bua < VE F () +
Minimizing  the  right side by A, S0
1
3L,aM? |2+
Ay get the inequality
( 2T
3a+2
T 0!+2 2 a+2 L
Bua <5 ( 3“} (LA )z (o +2).
M 2+a
So, for M the inequality —must holds
3a+2 1 1 = 1 )
T a2 p2 [gjz (La)a(a+2)2a
M > a+2 - Nl'

(52 min(l, st ))Z

Lemma 2. Model S, (t, A) approximates the process
£(t) with reliability 1—& and accuracy & in the norm
L,(0,TD, if A=A, , and for M the following

holds M =max(N,,N,,N,),
a+2 E i
zre 2 a
N, = A2 2 1 N3=(§Laa T,
3L,a 2

1
A, =max(1,ti} ty, = min{C a ,\/Eﬂl}
0

can be achieved in

inequality where

Same results
L,(0.T], p>2.
Lemma 3. Model Sn(t,A) approximates the process
£(t) with reliability 1—& and accuracy & in the norm
L,(0.T). p>2, if A=Ay, and for M the
following inequality holds M Zmax(N4, N5), where

the space

a+2+pa 1 1 42

Jor @ pZe(L, a) (@+2)2a
a+2

(52 mln((p +1)7 )) 2a

N, =A02(LLJ2T.

&

N,

Proof. Let u(T)=T . For the unknown A and M
2 2
the following inequalities must hold T * Dy, , <—- and

&

2 2
TPDy < ° : Consider A, as
' p+1
1 L .
A>=Aj;=max 1,— |, the following inequality must
0
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T2A2
MZ

hold Dy , < Minimizing the

AL
F(o0) + 22,
o)+~

1

L,aM 2 \2+a
212

inequality

right side by A, ie, ifput A=A, =

then we

a+2

< @A (LA (@+2). So, for M the

M 22
following

get
D

inequality must hold

lJri 1 a+2
A2 e (L,a)a(o+2)2a

a+2

(52 min((p +1)7s)? ))Z
Giventhat A,, = A,, we get the proof of the lemma.
In the real simulations, for example, for a given
reliability 1— & and accuracy 0 at A=A, =1, C=1
and T =1 we have the following results (table 1) in
L,(0,T).

a+2+pa

ap
M 2\/ET
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