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Abstract

A similarity measure and a weighted similarity measure based on the distance between characteristic values for intuitionistic
trapezoidal fuzzy numbers are proposed in this paper. Then an intuitionistic trapezoidal fuzzy multicriteria decision-making method
is established based on the weighted similarity measure between the characteristic values, in which the preference values of
alternatives on criteria are the form of intuitionistic trapezoidal fuzzy numbers and the criteria weights are known information. By
means of the ideal alternative, the weighted similarity measure between an alternative and the ideal alternative based on the
intuitionistic trapezoidal fuzzy numbers is presented to derive the optimal evaluation for each alternative. The ranking of alternatives
and the best one can be determined according to the values of the weighted similarity measure for all alternatives. Finally, an
illustrative example demonstrates the effectiveness of the proposed method.
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1 Introduction

A similarity measure is an important tool for determining
the degree of similarity between two objects. Since
Atanassov [1] proposed intuitionistic fuzzy sets (IFSs),
many different similarity measures between IFSs have
been proposed in literature. Li and Cheng [2] discussed
some similarity measures on IFSs and then proposed a
suitable similarity measure between IFSs, which is the first
one to be applied to pattern recognition problems. Later,
Liang and Shi [3] proposed several similarity measures to
differentiate different IFSs, in which they discussed more
about the relationships between these measures. Further-
more, Mitchell [4] interpreted IFSs as ensembles of orde-
red fuzzy sets from a statistical viewpoint to modify Li and
Cheng’s measures. On the other hand, Hung and Yang [5]
proposed another method to calculate the distance between
IFSs based on the Hausdorff distance. They used this dis-
tance to generate several similarity measures between IFSs
that are suited to be used in linguistic variables. Huang and
Young [6] proposed several reasonable measures to calcu-
late the degree of similarity between IFSs, in which the
proposed measures are induced by Lp metric. Ye and Lian
[7] proposed an improved similarity measure for multicri-
teria decision-making of mechanical transmission schemes,
and also Jiang and Ye [8] proposed the method of multicri-
teria fuzzy decision-making based on an improved simila-
rity measure of vague set. However, intuitionistic fuzzy
sets and vague sets are the same as fuzzy sets, the domains
of which are discrete sets, intuitionistic fuzzy sets and
vague sets are used to indicate the extent to which the crite-
rion does or does not belong to some fuzzy concepts. The
notion of a fuzzy number and the operation on fuzzy num-
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bers were introduced by Dubois and Prade [9, 10]. Nehi
and Maleki [11] introduced intuitionistic trapezoidal fuzzy
numbers and some operators for them based on the intuit-
tionistic fuzzy numbers defined by Grzegrorzewski [12],
which are the extending of intuitionistic triangular fuzzy
numbers. Intuitionistic triangular fuzzy numbers and
intuitionistic trapezoidal fuzzy numbers are the extending
of intuitionistic fuzzy sets in another way, which extends
discrete set to continuous set, and they are the extending of
fuzzy numbers. Nehi [13] proposed a characteristic value
of an intuitionistic fuzzy number based on the characte-
ristic value for fuzzy number proposed by Chiao [14] and
an ordering method for ranking intuitionnistic fuzzy num-
bers according to the comparisons between characteristic
values of membership and nonmembership in intuitionistic
fuzzy numbers. Also Grzegorzewski [12] proposed a dis-
tance and ordering method for intuitionistic fuzzy numbers
by using the expected interval of an intuitionistic fuzzy
number. Then Wang and Zhang [15] defined some aggre-
gation operators, including intuittionistic trapezoidal fuzzy
weighted arithmetic averaging operator and weighted geo-
metric averaging operator, and proposed an intuitionistic
trapezoidal fuzzy multicriteria decision-making method
with known weights based on expected values, score func-
tion, and accuracy function of intuitionistic trapezoidal
fuzzy numbers. Furthermore, Ye [16] presented an expec-
ted value method for intuitionistic trapezoidal fuzzy multi-
criteria decision-making problems with intuitionistic trape-
zoidal fuzzy weights. Also Ye [17, 19] proposed vector
similarity measures and distances-based similarity measu-
res for trapezoidal intuitionistic fuzzy numbers and their
multicriteria group decision-making methods with intuit-
tionistic trapezoidal fuzzy weights.
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This paper proposes a similarity measure and a weigh-
ted similarity measure of intuitionistic trapezoidal fuzzy
numbers based on the distance between characteristic
values for intuitionistic trapezoidal fuzzy numbers. Then
an intuitionistic trapezoidal fuzzy multi-criteria decision-
making method based on the weighted similarity measure
is proposed to identify the best alternative in the applica-
tion of multicriteria decision-making problems, in which
the evaluation values of alternatives on criteria are repre-
sented by the form of intuitionistic trapezoidal fuzzy num-
bers and the criteria weights are known information. By
means of the ideal alternative, the weighted similarity
measure between an alternative and the ideal alternative
based on the intuitionistic trapezoidal fuzzy numbers is
established to derive the optimal evaluation for each
alternative. The ranking of alternatives and the best one
can be determined on the basis of the weighted similarity
measure for alternatives. Finally, an illustrative example
shows the applicability of the proposed method.

2 Preliminaries

This section introduces some definitions and basic con-
cepts related to IFSs, similarity measure between the two
IFSs, fuzzy numbers, intuitionistic fuzzy numbers, and
intuitionistic trapezoidal fuzzy numbers.

Definition 1 [1]. Let X be a universe of discourse.
Then an intuitionistic fuzzy set A in X is given by

A={<X,/JA(X),VA(X)>|X€X} : )

where ua(X): X—[0,1] and w(x): X—[0,1], with the con-
dition 0 < za(X) + va(X) < 1. The numbers za(x) and va(x)
represent, respectively, the membership degree and non-
membership degree of the element x to the set A. For each
A in X, we can compute the intuitionistic index of the ele-
ment x in the set A, which is defined as follows:

7o (X) =1= 11, (X)=Vu (X), xe X, )

where 7z, (X) is also called a hesitancy degree of x to A. It is
obviousthat 0 < m(X) <1, x € X.

Of course, a fuzzy set is a particular case of the intuit-
tionistic fuzzy set with va(X) = 1— ua(x). Atanassov has
also defined two kinds of a-cuts for intuitionistic fuzzy
sets. Namely

A= {x e X| ua(x) 2 a}, 3)
A%= {x € X | va(X) < o} (4)

In the following, we introduce the definition of simila-
rity measures between IFSs [2, 4, 6].

Definition 2. A mapping S: IFSs(X) x IFSs(X) — [0,
1], where IFSs(X) denotes the set of all IVFSs on X. S(A,
B) is said to be the degree of similarity between Aand B e
IFSs(X), if S(A, B) satisfies the following properties (P1)-
(P4):

(P1) 0< S(A, B) < 1;

(P2) S(A, B) =1 ifand only if A =B;

(P3) S(A, B) = S(B, A);

(P4) S(A, C) < S(A,B)and S(A, C) < S(B, C) if Ac B
C, C e IFSs(X).
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Definition 2 [9]. Let A be an fuzzy number in the set of
real numbers R, its membership function is defined as

0, x<a,
fo(x), a <x<a,
1 a,<x<a

9a(x), a;<x<a,,
0, a, <x

®)

#a (%)

where a;, a,, a3, a4 € R, fa @ [a1, @] — [0, 1] is a nonde-
creasing continuous function, fa(a;) = 0, fa (a,) = 1, which
is called the left side of the fuzzy number A, and ga: [as, ay]
— [0, 1] is a nonincreasing continuous function, ga (as) =
1, ga (a4) = 0, which is called the right side of the fuzzy
number A.

Definition 3 [12]. Let A be an intuitionistic fuzzy num-
ber in the set of real numbers R, its membership function is
defined as

0, x<a,
fo(x), a <x<a,
wy(X)=141 a,<x<a, ; (6)
9a(x), a;<x<a,,
0, a, <x
while its nonmembership function is defined as
1, x<b
ha(X), b <x<h,,
Vo(x)=10, b,<x<b, )
ka(X), by <x<b,,
1 b, <x

where 0 < z(X) + wa(X) <1 and a;, @, as, a4, by, by, bs, by
e Rsuchthatb; <a; <b,<a,<az;<h;<a, <h, and four
functions fa, ga, ha, ka: R— [0, 1] are called the side of a
fuzzy number. The functions fo and k. are increasing
continuous functions and the functions g, and h, are
decreasing continuous functions.

It is worth noting that each intuitionistic fuzzy number

A:{<x,yA(x),vA(x)>|XGR} is a conjunction of two

fuzzy numbers: A" with a membership function za(X) =
ua(x) and A” with a membership function ua- (x) = 1-
va(X). It is seen that supp A* = supp A~

A useful tool for dealing with fuzzy numbers is their o~
cuts. Every a-cut of a fuzzy number is a closed interval
and a family of such intervals describes completely a fuzzy
number under study. In the case of an intuitionistic fuzzy
number it is convenient to distinguish following o-cuts:
(A, and (A7), Itis easily seen that

Ae={x eR|mx)>a}=A,, 8)
(A )e={xeR|1-VA(X) 2a}=
{xeR|VA(X) <1-a}=A"", 9)
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According to the definition it is seen that every a-cut
(A", or (A" ), is a closed interval. Hence we have

(A*)a :[Af(a),Aj(a)J and (A")a :[A[(a),Aj(a)] , res-
pectively, where

A (a) =infxeR| uy(X) = a} (10)
Aj (@) =sup{x e R| u,(x) > a} (11)
A (@) =inf{x e R|v,(x) <1-a} (12)
A (@) =sup{x e R|v,(x) <1-a} (13)

If the sides of the fuzzy number A are strictly monotone,
then by (6) and (7) one can see easily that A" (), Aj(«) ,
A (a), and Aj(«) are inverse functions of fa, ga, ha, and
ka, respectively. Generally, we may adopt the convention
that f,*(@) = A/ (@), 94" (@) = A (@) . hy' (@) = AL(@)
andk ' (a) = A, (@) .

Particularly, if the increasing functions fa and k. and
decreasing functions ga and h, are linear, then we have
intuitionistic trapezoidal fuzzy numbers, which are prefer-
red in practice.

Definition 4 [11]. An intuitionistic trapezoidal fuzzy
number A with parameters by <a; <b, <a, <ag<by<a, <
b, is denoted as A = {(a, @, az, as), (b1, by, bs, by)) in the
set of real numbers R. In this case, its membership function
and nonmembership function can be given as

0,
X—a,

a,—a,
1 a,<x<a,, :

X<a
a, <x<a,,

#,(0) = (14)

Va (X) = (15)

If b, = bs (hence a, = a3) in an intuitionistic trapezoidal
fuzzy number A, the intuitionistic triangular fuzzy numbers
are considered as special cases of the intuitionistic trape-
zoidal fuzzy numbers.

The following properties for intuitionistic trapezoidal
fuzzy numbers have been given in [11].

Let A; = ((au1, @2, @3, &ua), (D11, b12, D13, b)) and
A; = (@21, A, @, ), (D21, bz, bos, bz)) be two
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intuitionistic trapezoidal fuzzy numbers and r be a positive
scalar number. Then,

Ar+A; = ((aurtagy, Apotag,, diztags, duatas), (D1+bo,
D1+D32, D13+053, D1a+D24)), (16)

rA1= ((raqs, ras, rays, rawa), (b, rbip, rbas, rbu)).  (17)

3 Similarity measure for intuitionistic trapezoidal
fuzzy numbers

In this section we introduce a definition and some concepts
of the characteristic values of intuitionistic fuzzy numbers
and then propose a measuring distance between the charac-
teristic values and similarity measure based on the dis-
tance.

Definition 5 [13]. Let A={(x, u,(X),vo(X))|x e R} be
an intuitionistic fuzzy number and let s(r,k) =4 (k +1)rk
be a regular reducing function with positive parameters ke
[0, ) and r e [0, 1]. Then the characteristic values of
membership and nonmembership for an intuitionistic fuzzy
number A with parameters k € [0, o) and r € [0, 1] are
defined as

com =L [+ g &5
crm =D i + ki (19)
when (0 =27, 9. () =25, h, () =5,  and

kA(X) :%, aj, dp, Az, Ay, bl; bz, b3, b4 e R, Then, their
inverses for these shape function for any r < [0, 1] are
obtained by

fai(N=a,+(@,-a)r (20)
ga (N =a,+(a;—a,)r (1)
ha'(r) =b, + (b, =b)(A-1), (22)
ky'(r) =b, + (b, —b,)(1-T)- (23)

If A ={(ay, a, as, a4), (by, by, bs, by)) is an intuitionistic
trapezoidal fuzzy number in the set of real numbers R.
Then the characteristic values of membership and non-
membership for A are denoted by

cim =L+ g nar

_%ta (a-a)+(@-3) ' (24)
) 2(k+2)
Ci(A) = —(kgl) [ e kG rar
:bl+b4+(b2_b1)+(b3_b4) ! (25)

2 2(k +2)

where k e [0, «©). The larger the value k, the less influence
of the left and right function of membership and nonmem-
bership on the characteristic values of the intuitionistic tra-
pezoidal fuzzy number.
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If A is a symmetrical intuitionistic trapezoidal fuzzy
number, the two characteristic values are simplified as
follows:

CE(A) :%, (26)
chm=2r0 27)

Hence, a measuring distance between characteristic
values for intuitionistic trapezoidal fuzzy numbers is pro-
posed in the following definition.

Definition 6. Let A={(X, z,(X),v,(X))|xeR}and
B ={(X, 15 (X), vy (X)) | X € R} be two intuitionistic fuzzy
numbers. The measuring distance d(A, B), indexed by a
parameter 1 <p < oo, is defined as

Up
MABr{%ncﬂ&—cﬂsnﬁucﬂ&—cﬂmwﬁ . (8)

It is known that distance measures and similarity mea-
sures are dual concepts. According to the measuring rela-
tion of distance measures and similarity measures [6] the
similarity measures between intuitionistic fuzzy numbers A
and B is proposed as follows:

S(A,B)=1—{%[ICZ(A)—Cﬁ(B)IP+|Cf(A)—Cf(B)IP]} - (29

Obviously, the similarity measure S(A, B) satisfies four
properties (P1-P4) in Definition 2.

Then, the value of the parameter k might be determined
by the decision maker according to the preference of the
grade values of fuzzy utilities.

Weighted similarity measure for intuitionistic trape-
zoidal fuzzy multicriteria decision-making method

In this section, we present a handling method for intoi-
tionistic trapezoidal fuzzy multicriteria decision-making
problems with weights.

Let A ={As, A,,..., Ay} be a set of alternatives and let
C = {Cy, C,,..., C.} be a set of criteria. The preference
value of an alternative A; (i =1, 2, ..., m) on a criterion C;
(i=1,2,..., n)isan intuitionistic trapezoidal fuzzy number
tij = <(aij1'aij2’aij31aij4')l (bijllbij21b|j3’b|j4)> (i=1L2,..,ni
=1,2,..., m), dj, dp, dz, Ay, bl, bz, b3, b4 e R,and 0 < bl <
A <by<a,<az< by <a, <bs <1, which indicates the
degree that the alternative A; satisfies or does not satisfies
the criterion C; given by decision makers or experts accor-
ding to some evaluated criteria. Therefore, we can elicit a
decision matrix D = (tjj)m«n, Which is represented by intuit-
tionistic trapezoidal fuzzy numbers.

In multicriteria decision making environments, the
concept of ideal point has been used to help the identifica-
tion of the best alternative in the decision set. Although the
ideal alternative does not exist in real world, it does pro-
vide a useful theoretical construct to evaluate alternatives.

Ren Shapu

Generally, the evaluation criteria can be categorized
into two kinds, benefit and cost. Let H be a collection of
benefit criteria and L be a collection of cost criteria. Then
we define an ideal intuitionistic trapezoidal fuzzy number
for a benefit criterion in the ideal alternative A" as
t; =((L1LL), (1LLD) for j € H; while for a cost criterion,
we define an ideal intuitionistic trapezoidal fuzzy number
as t; =((0,0,0,0,),(0,0,0,0)) for j e L.

The weighting vector of criteria for the different
importance of each criterion is given as W = (wy, Ws,...,

W,), where w; > 0 and ZLW,» =1, Thus a weighted simila-

rity measure between an alternative A; and the ideal alter-
native A" based on the intuitionistic trapezoidal fuzzy num-
bers is defined as

n Up
MNAFLZmﬁmqmrqum@m%Qmw@,@m

which provides the global evaluation for each alternative
regarding all criteria. From Eq. (30), the larger the simi-
larity measure Si(A”, Aj), the better the alternative A; (i = 1,
2,..., m). Through the weighted similarity measure bet-
ween each alternative and the ideal alternative, the ranking
order of all alternatives can be determined and the best
alternative can be easily identified as well.

The decision procedure for the proposed method can be
summarized as follows:

Step 1. Calculate the weighted similarity measure bet-
ween an alternative A; (i = 1, 2,..., m) and the ideal alter-
native A” by using Egs. (24), (25), and (30).

Step 2. Rank the alternatives and select the best one(s)
in accordance with each weighted similarity measure S; (i =
1,2,..,m).

4 lllustrative example

In this section, an example for a multicriteria decision-
making problem of alternatives is used as a demonstration
of the application of the proposed multicriteria decision-
making method in a realistic scenario.

Suppose there is an investment company, which wants
to invest a sum of money in the best option (adapted from
Herrera and Herrera-Viedma [18] and Ye [16]). There is a
panel with four possible alternatives to invest the money:
(1) A, isa car company; (2) A, is a food company; (3) Az is
a computer company; (4) A4 is an arms company. The
investment company must take a decision according to the
following three criteria: (1) C, is the social benefit; (2) C,
is the economical benefit; (3) C; is the environmental
impact, where C,; and C, are benefit criteria, and Cs is a
cost criterion. The weight rector of the three criteria is
given by W = (0.35, 0.3, 0.35). The preference values of
each alternative A; (i =1, 2, 3, 4) are to be evaluated by the
decision makers under the above three criteria and are
represented by using the intuitionistic trapezoidal fuzzy
numbers, as listed in the following decision matrix D [16]:

((0.26,0.36,0.46,0.56), (0.16,0.36,0.46,0.66)) ((0.34,0.44,0.54,0.64), (0.24,0.44,0.54,0.74)) ((0.12,0.22,0.32,0.42), (0.04,0.22,0.32,0.50))
_ 1((0.50,0.60,0.70,0.80), (0.42,0.60,0.70,0.88)) ((0.50,0.60,0.70,0.80), (0.42,0.60,0.70,0.88)) ((0.34,0.44,0.54,0.64), (0.24,0.44,0.54,0.74))
1 ((0.38,0.48,0.58,0.68), (0.28,0.48,0.58,0.78)) ((0.54,0.64,0.74,0.84), (0.46,0.64,0.74,0.92)) ((0.26,0.36,0.46,0.56), (0.16,0.36,0.46,0.66))
((0.66,0.76,0.86,0.96), (0.64,0.76,0.86,0.98)) ((0.62,0.72,0.82,0.92), (0.58,0.72,0.82,0.96)) ((0.18,0.28,0.38,0.48), (0.08,0.28,0.38,0.58))
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Obviously, there are all symmetrical intuitionistic tra-
pezoidal fuzzy numbers in the decision matrix D = (tij)axs.

Then, we utilize the proposed approach to get the most
desirable alternative(s).

Step 1. When p = 1, by using Egs. (26), (27), and (30)
we can compute S; (A", A) (i= 1, 2, 3, 4) as follows:

S; (A", A)) = 0546, S, (A", Ap) = 0.601, S5 (A", Ag) =
0.599, and S; (A", A,) = 0.749.

When p = 2, in the same way we have the same as the
above results:

S; (A", A)) = 0546, S, (A", Ap) = 0.601, S5 (A", Ag) =
0.599, and S, (A", A,) = 0.749.

Step 2. The order of quality for the four alternatives is
A4, Ay, Az and Aq, obviously, amongst them A, is the best
alternative.

In this example, all the intuitionistic trapezoidal fuzzy
numbers are symmetrical. Therefore, the calculation of the
characteristic values is not relevant to the parameter k. Then
in some cases, the value of the parameter k might be deter-
mined by the decision maker according to the preference
value to satisfy practical decision-making requirements.

5 Conclusion

This paper presented a method to measure the similarity bet-
ween intuitionistic trapezoidal fuzzy numbers. First, we
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