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Abstract

This paper investigates algorithms for simulation of the trajectories of a Brownian motion (Wiener process) with given accuracy and
reliability. Spectral representation of Wiener process as random series examines as a model. Estimates of the accuracy and reliability
investigated in various function spaces - spaces of measurable integrated functions, Orlicz spaces and spaces of continuous functions.
Given the accuracy of the numbers and simulation algorithms error of Gaussian random variables in the model are used strictly sub-
Gaussian random variables. Examples of simulation are represented below.
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1 Introduction

Statistical models of Wiener processes used to solve many
practical problems, particularly, in the calculation of
integrals over Wiener processes or in the numerical
solution of stochastic differential equations [1, 2].

As a model, we consider the spectral decomposition
processes as a random series or integrals.

Moment of difference of model and process is an
estimation of model accuracy in the problems of statistical
simulation [1, 2]. In papers [3, 4] investigated accuracy
and reliability estimation of the simulation of random
processes in various functional spaces.

In this paper, we investigate the accuracy and
reliability of the Wiener process simulation in various
functional spaces - L,,L,,C, Orlicz spaces.

2 Basic definitions

Let (T,Z, 4) - be some measurable space and (T )=1.
Definition 1. Generalized Wiener process with
parameter «,a <(0,1] will be called a Gaussian random

process with zero mean and correlation function

R, (t,5) = EW, ()W, (s) = %(|t|2“ +[sf —Je—s[).

When a:% we have a classical Wiener process. This

paper considers the classical Wiener process. As a model
of the Wiener process we consider random series

5,(0=3 1,0,

where {ni} - Gaussian random variables from N(0,1)
(in the general case is optionally dependent).
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Let all S, (t) and W_(t) belong to some function
space A(T).

Definition 2. Model S, (t) approximates the process
W,_(t) with specified accuracy &>0 and reliability
0 < & <1 inthe norm of a function space A(T), in case

P{W, ® -8, O, >} <1-¢.

When simulating a sequence of Gaussian random variables

due to the accuracy of computational tools, simulation

algorithms obtain sub-Gaussian random variables.
Definition 3. Random variable ¢ called sub-Gaussian,

if for VA da takes place
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l J
Space of sub-Gaussian random variables is a Banach

space with norm
r(g):inf{azo:Eexp{ﬁ,g}sexp{ },/IeRl}.
When E¢? =a® we have a strictly sub-Gaussian random
variables.

Definition 4. C is a continuous, steam, convex function

U(x),suchas U(0)=0, U(x)>0 when x=0.
Definition 5. Orlicz space generated by the C- function
U (x) isa family of functions {f(t), teT} suchas, for

f(t)
fu (mjdy(t)<oo.
T r

Orlicz space is a Banach space under the norm

Eexp(A¢) < exp[a

a’i

2

2

every exists a constant r such as
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If1l., :inf{r>o:ju(¥)dy(t) 31}.

Will consider C-function U(x) for which function
G, (t):exp{(u D (t—1))2} is convex and when t>1,

where U™ (x) is inverse function of U (x).
This condition is fulfilled for C-function

U (x):exp{|x|a}—1, 1<a<?,

then G, (t) = exp{(lnt)i} .

Theorem [5]. For any real T =0 and any real t, each

of random functions ~TW (%j , W (t+t,)-W(t,) and

It|w [%] is similar to random function W (t).

Thus, without loss of generality, we can consider the
Wiener process on the interval T :[0,1] and consider

different views of the Wiener process in the form of series.
Decomposition of the Wiener process in the Eigen
functions of the correlation operator of the Brownian

bridge te[0,] has the form [6]

51(t)—tn0+f2

sin I7rt

where {7,,7,,7,,...} - independent standard Gaussian

random variables.
A =iz - the eigenvalues of the correlation operator.

Fourier series expansion on t €[0,1] [5]

- independent standard Gaussian random

1-cos(2rit)
+ 10y -
27l

52 (t) = tf]o + \/_Z[ Sm(2ﬂ|t)

where {771i i }
variables.

3 Estimation of Karhunen — Loeve model

As a model for the expansion of the Wiener process in the
eigenfunctions of the correlation operator consider

S, (¢, M)—t770+\/_z

sin I7r'[

Based on the results [3, 4] it is easy to obtain the following
assertion.
Assertion 1. Model S, (t, M) approximates the process

& (t) with accuracy 6 >0 and reliability 1—¢, 0 <& <1:
a)in L,([0,1]) if inequalities hold & > J1,,
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{1} ) 5?
exp< = exp <g
2) 91, 21,
or 5*>1J1, .
1
2_ 2 2 _
m_ﬁ[ exp _m <eg,
‘]2M+1 2‘]2M+1
where

0

2

i=M+1

J1

M+1 —

1
z“jz .

b)in L, ([01]) p>1 p=2 orinequalities hold

> A% and J2M+1:£
i=M+1

expi= expy———5— (<&,
2oy 20y 4
= sin? (izt
where oy, =sup| . #
wefor) ifwia (i)

and inequalities 6% > o7,,, when 1< p<2
or 5*>(p+1)oy,,, When p>2.
c) in L, ([0.1]) if inequalities hold

exp {%} 5* (U (1)

2O-I\ZII +1
&% > (2+(U v (1))72)0-,%“1 :

U (1)

o-M +1

exps— <eg,

d)in C([0.1]) iffor ﬂe(o,ﬂ inequalities hold.
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1-28

4p8+1 48
24+1 24+1 2 1428
2exp 1 +1+«/_ (Fﬂ+£j xexp42 d F,a, J + 2 J <¢
2 GM+1 GM+1 2 GM+1 G 8 GM+1

M+1

and & >2G,,.,, where G,, , =( > l,zjz.

i=M+1

1
2 1-(1-2G;, ;6% ) 2j2 L 2
_ (-1) M +1 /| _ 2
_i:MZ+1 In| v 7 c " (h)_uSL\j/Bh[.(!. (R0 =R ) dxj ’
11
1,
el
qﬂ = 1-64
2(28+1)
J ,Be (O,lj.
GM+1 6
Since sup |sm |;zt)|<1 then o, = i ey is not represented. Depending on the function U (x) results
tef0] M1 are between I_z([o,l]) and C([0,1]).
For implementations simulation and given & and ¢ Figure 1 shows the implementation of a Wiener
let’s find M . The Table 1 shows the estimates for M in

) ) ) process to represent & (t) .
the various functional spaces. Calculations for L, ([0,1])

TABLE 1 Values of M for different functional spaces

o ¢ 2) L([04]) b) L, ([0.1]) ¢([o1])
0.1 0.05 110 36 10000
0.05 0.05 750 120 100000
0.01 0.05 18700 2250 >1000000
0.1 0.01 260 45

0.05 0.01 1050 130

0.01 0.01 26000 2350

=]
=
ba
=
e
=
=]
=]
Lr=)
—

FIGURE 1 Implementation of the Weiner process
Based on the results [3, 4] it is easy to obtain the

following assertion.
As a model for the expansion of the Wiener process in the Assertion 2. Model S,(t,M) approximates process
Fourier series consider &, (t) withaccuracy 6 >0 and reliability 1-¢, 0<e <1:

S,(t,M) =t + J_Z( Sm(th) i, 1—C<;s7£i2ﬂit)j_ a)in L, ([0,1]) if inequalities hold &° > J1,, ,

4 Estimation of Fourier model
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2 where
o } <g

1 o
exp{—}—exp{—— . Lo N2 g N2
2) a1, 2J1, ., o2 =2sup| [sm(Z;_zlt)J +(1 cos(?mt)j
te[O,l] i=M +1 2721 27“

or 5*>1J1,, ,
. and inequalities 6% > o7,,, when 1< p<2
[52 -3l +1]2 EXp{—éz —J1M+1}Sg or 6 >(p+1)oy,., when p>2.

32y, 232, c)in L, ([0,1]) if inequalities hold
where ,
© N2 s N4 % ex {l}wex _M <¢g
J1, ., = Zi:'\/lz;l(m) and J2,, , = Z(i_’\/lz;l(m) j ) p G P o2, -
b)in L, ([01]) p>1 p=2 if inequalities hold 5 >(2+(U ) (1))—2)%2“1.
52
exp {—} exp {— }s £ : . 1. .
2o 207 d)in C([0,1]) incase of B €| O, > inequalities hold

) 45+ 48 ) 125
2p+1 2p+1 142/
2exp I ) +1442 J (Fﬂ-‘rz) xexXp< 2 _9o_ Fya, J + 2 d <e¢
2 2GM+1 2GM+1 2 2GM+1 2GM+1 8 2GM+1

1

and § > 4G, ,,, where G, , =[ i (Zﬂi)sz

i=M +1

1\)|2
- 1-(1-8Gy,.,0 7 )2 i2
_ 2 (-1) M +1
Fﬂ =4z i:MZJrl n W i G2-h
11
11 €|l <y |»
/ [6 2}

Qs = 1-68
2(28+1)
J P e [O,lj.
2G,,., 6

The Table 2 shows the estimates for the M in various  the implementation of the Wiener process for submission
functional spaces for presentation &, (t) . Figure 2 shows & ().

TABLE 2 Values of M for different functional spaces

9 e a) L,([0.1]) b) L, ([0.1]) c(fo1))
0.1 0.05 380 60 300000
0.05 0.05 1500 220 1000000
0.01 0.05 38000 4400 >1000000
0.1 0.01 400 70
0.05 0.01 2100 240
0.01 0.01 58000 4500
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FIGURE 2 Implementation of Wiener process

When constructing a model we use strictly sub-
Gaussian random variables obtained by the Equation

12
m,=>.7,-6, where {y;} - uniformly distributed on
i

[0,1] random numbers. When building multiple

implementations - the algorithm has a natural
parallelization. Figure 3 shows the implementation of

&(t) and &,(t) retrieved from one sequence of strictly
sub-Gaussian random variables. Figure 4 shown the
implementation of presentation & (t) at various M (
M =110 and M =36).
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FIGURE 4 An example: Implementation of the Wiener process for the view & (t) when M=110 and M=36

5 Conclusions

We obtain estimates for the construction of strictly sub-
Gaussian model of Wiener process. The model is
constructed with the specified accuracy and reliability for
various functional spaces. We found the implementation

of the Wiener process for different views. Has interest for
obtaining similar estimates for the generalized Wiener
process.
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