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Abstract

In this paper, some nonsmooth generalized convex functions called uniform K-(F,p)— convex function, uniform K—(F,, p)—

pseudoconvex function, uniform K-(F,p)-

quasiconvex function are defined using K- directional

derivative and

K — subdifferential. Nonsmooth multi-objective semi-infinite programming involving these generalized convex functions is

researched, some Mond-Weir type duality results are obtained.

Keywords: Nonsmooth, Multi-objective Semi-infinite Programming, Mond-Weir type duality, Uniform K —(F,, p) — Convex Function

1 Introduction

The convexity theory plays an important role in many
aspects in mathematical programming. In recent years, to
relax convexity assumption involved in sufficient
conditions for optimality or duality theorems, various
generalizations of convex functions have appeared in the
literature. Hanson and Mond introduced type I and type 11
function [1]. Reuda and Hanson extended type I function
and obtained pseudo type I and quasi type I function [2].
Bector and Singh introduced b— convex function [3].
Bector, Suneja and Cupta extended b— convex function
and defined univex function [4]. Mishra discussed the
optimality and duality for multi-objective programming
with generalized univexity [5]. Preda introduced
(F,,p)— convex function as extension of F — convex

function and p— convex function [6, 7, 8].
In this paper, we introduce a new classes of

generalized convex functions, that is, uniform
K—(F,,p)— convex function, uniform K-(F,,p)-
pseudoconvex  function,  uniform K-(R,p)—

quasiconvex functioned. Then we consider nonsmooth
multi-objective semi-infinite programming involving
these generalized convex functions and obtain some
Mond-Weir type duality results.

2 Definitions

Throughout this paper, let R" be the n— dimensional
Euclidean space and R" be its non-negative orthat. Now
we consider the following multi-objective semi-infinite
programming problem:
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VP) min f(x) = (f,(x), f,(x),-, f,(x))
st.g(x,u)<0,xe X,ueU
open subset of R", f:X —RP",

U < R is an infinite parameter set.
Let

A={x|g(x,u)<0,xe X,ueU}A={i|g(x,u') <0,
xe X,u' eU}, 1(x)={i|g(x",u") <0,x e X,u' eU},
U ={u' eU|g(x,u')<0,xe X,i €A} is any countable
subset of U , A={u;|x; 20| jeA, there is only finite

, where X isan

g:XxU—>R",

u; suchthat g # O}.

Notations. If X, yeR", then
X<y<x <y, i=12---,n, and there exists at least
one iy €{L2,---,n} suchthat x, <y, .

Definition 2.1 [9] Let K(,) is a local cone
approximation, the function f"“(x,):X >R with
(% y) =inf{& e RI(y,&) € K(epif, (x, f(x)),y € R")}
is called K —directional derivative of f at x.

Definition 2.2 [9] A function f:X — R s called
K — subdifferentiable at x if there exists a convex

compact set o* (%) such that

fK(x,y):MKaf>(<)<§,y>,Vye R", where
Sed X

O F(X)={x e X |<y, X >< f“(x;y), ¥y eR"} is

called K —subdifferential of f at x.

Definition 2.3 A functional F:XxXxR" >R

(X < R") is called sublinear with respect to the third
variable, if for any x,X, € X,
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(1) F(x, %8 +a,) SF(x,%,;a)+F(X,%,;a,),Va,a, € R";

(i) F(x,X,;ra)=rF(x,x,;a),VreR,r>0,aeR".
Definition 2.4 x" < X° is called an efficient solution for
(VP) if and only if there exists no xc X° such that
f(X) < f(x).

In the following definitions, we suppose C < R" is a
nonempty set, x,C, f:C—R is a local Lipschitz
function at x, , F:CxCxR" —R is sublinear with
respect to the third variable, ¢:R—>R,b:CxCx[0,1]
->R,, JL@b(x,xo;ﬂ)=b(x,x0) , d(,-) is a pseudo-

metric in R". In [9], Elster and Thierfelder defined

K — directional derivative and K — subdifferential and
pointed out that K —subdifferential is most generalized.
Now we will define some new generalized convex
functions using K — directional derivative and
K —subdifferential.

Definition 2.5 A function f:C—>R is said to be

uniform K—(F,, p)— convex at X, with respect to
F.¢,b,d, if for all xeC, there exists peR such that
b(x, %)L f (X) = £ (x)] = F (X, X5 S)

+pd?(x,y),VE € f(x,).

Definition 2.6 A function f :C — R is said to be strictly
uniform K—(F,, p)— convex at X, with respect to
F,¢,b,d,ifforall xeC,x#x,, there exists peR such
that b(x, %)L f () = (%) > F (X, % &)
+pd?(x,%,), VE e  f(x,).

Definition 2.7 A function f:C—>R is said to be
uniform K —(F,, p) — pseudoconvex at X, with respect
to F,¢,b,d, if for all xeC, there exists peR such
that b(x, %)l f (X)— f(x,)]<0=
F(X,%; &)+ pd? (X, y) <0,VE €0 f(x,) .

Definition 2.8 A function f :C — R is said to be strictly
uniform K —(F,, p) — pseudoconvex at x, with respect
to F,¢,b,d, if for all xeC,x#X,, there exists peR
such that b(x, x)g[ T (X)— f(X,)]<0=
F(X,%,; &)+ pd? (X, y) <0,VE €0 f(x,).

Definition 2.9 A function f:C—R is said to be
uniform K —(F,, p) — quasiconvex at x, with respect to
F.¢,b,d, if for all xeC, there exists p R such that
b(x, %,)ALf (x)— F (%,)] <0=>

F(X,%,; &)+ pd? (X, y) <0,VE €0 f(x,).

Definition 2.10 A function f :C — R is said to be weak
uniform K —(F,, p)—quasiconvex at x, with respect to
F,¢,b,d, if for all xeC, there exists p eR such that
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b(X, X, )AL f (X) - F(x,)]<0=
F(X,%; &)+ pd? (X, y) <0,VE €0 f(x,) .

3 Mond-Weir type duality

We consider the following Mond-Weir type dual
programming for (VP):

max f (y)

s£0€ 0 (34 1))+ X a0 g(y.u'),

i=1 jeA

> u;9(y,u’)=0,

jeA

(VD)

p
4 20,i=12,,pY 4 =1

i=1

U €A

Let W :{(y,ui.ﬁ.y)loeaK(iﬂ«. f(Y)

+Y w;0°9(y,u'), D uy9(y,u') 20, 4 20,i=12,-

jeA jeA

Theorem 3.1 (Weak duality) Assume that xe A,
(yul, A, )ew, if for any A >0,i=12-,p,
u; e jeA, there F.¢.4,,b,b,, p R,

p i * *
,p,Z:/lI =1,,u]. eAu’'eU U U

i=1

exist

p3 e R" such that

P

(i) D_Af is uniform K—(F,,p)— convex or strictly
i=1

uniform K—(F,, p,)—convexat y;

(ii) =b, (X, )¢, [ z ,ujg(Y:uj)] 2

iel(y)

FOGYs D ) + 2 wpdd?(xy),

J€Ty) i)
Vi, ed g(y,u’),ul el jel(y);

(iii) @ <0=> ¢ (@) <0, > 0= g, () = 0,
b (x,y) >0,b,(x,y) 20

(iv) p1+2ﬂjp2j 20.

jeA

Then the following inequality cannot hold:
f(x) < f(y).
Proof

Suppose that f(x) < f(y), then there exists i0 such
that f, ()< f (), fi(x)<f(y), Vizi,.
A4,>0,i=12,---,p,

Since have

p p
Y ALK <Y ALY
i=1 i=1
By hypothesis (iii), we have

we
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B YADA B~ AT (] <0
By hypc;thesis ), V\;e get

FGyio)+pd?(ey) <0vEc X AR, @)

i=1

observe that x; € A and g(y,u’)=0,jel(y), we have

:E: /JjEJ(y,Uj) 2 O'
jel(y)
By hypothesis (iii), we have
b, (x, Y)4[ D #;9(y,u’)]<0.
jel )
By hypothesis (ii), we get
FOay: D mn)+ Y wpld(x,y) <0,
iel(y) iel(y)
v, ed“g(y,u’),u’ eU’, jel(y).
Let u; =0, je 1(y), we have
FOY: D mm)+ 2w pld?(x,y) <0,
jeA jeA
Vn, ed g(y,u’),u’ eU’, jeA. 2

adding (1) and (2) ,using the sublinearity of F , we can
obtain F(x, y;§+ZN;77j)+ 2 +Zﬂjpzj)d2(xn y) <0.
jeA jeA
By hypothesis (iv), we have F(X,y;< + Zyjnj) <0.
jeA
So &+ um;#0 , which contradicts the first
jeA

subjective condition of (VD).

Theorem 3.2 (Weak duality) Assume that x e A,
(yu',A,u)eW, if for any 4 >0,i=12-p,

e jeA, there exist F,4,4,b,b,p R,

p) e R" such that

p
(i) Zl, f,is uniform K —(F,, p,) — pseudoconvex at y ;

(i) =b,(x, V)AL D ;9(y,uN)]<0=
=)

FOGY: D umy)+ D wpld?(x,y) <0,
iST) )

v, ed g(y,u’),ul eU”, jel(y);

(iii) o <0=> ¢ () <0, >0 => g, () 2 0,

b (x,y) >0,b,(x,y) 20;

(iv) pl""Zﬂjpzj 20.

jeA
Then the
f(x) < f(y).

following inequality cannot hold:

Theorem 3.3 (Weak duality) Assume that Xxe A,
(y,ul, A, ) ew, if for any A >0, i=12---,p,
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;e jeA, there exist F,4,4,,b,b,,p R,

p) e R" such that

p

(i) D4 f, isstrictly uniform K —(F,, p,) — pseudo-
i=1

convex at y ;

(i) b, (x V)A[ D #;9(y,u")]<0=

iet(y)

FOGY D mmy)+ D, mypad?(xy) <0,

jel(y) jel(y)
v, ed“g(y,u’),ul eU’, jel(y);
(iii) @ <0=¢(a) <0, >0=> ¢, () >0,
b,(x,y)20,b,(x,y) 20;
(iv) p,+ u;p} 20.

jeA
Then the following inequality cannot hold:
f(x) < f(y).

Theorem 3.4 (Weak duality) Assume that xe A,
(yu', A, )ew, if for any A >0, i=12---p,
u e jeA, there exist F,g,4,b,b,p R,

p) e R" such that

P
(i) Z/ll f, isuniform K —(F,, p,) — quasiconvex at y ;

i=1

(i) b, (x, V)A[ D #;9(y,u")]<0=

iet(y)

FOGY: D )+ D wyp3d®(x,y) <0,

JETO) ETO)
Vi ed“g(y,u’)ul el jel(y);
(iil) a<0=¢(2)<0,a20=¢,(a) 20,
b, (x,y)>0,b,(x,y) 20;
(iv) p1+2ﬂjp2j >0.

jeA

Then the following inequality cannot hold: f (x) < f (y).

Theorem 3.5 (Weak duality) Assume that xe A,
(yu', A4, ) eW, if for any 4 >0, i=12.--,p,
u e jeA, there exist F,4,4,,b,b,p R,

p) e R" such that

p
(1) Zﬁ,, f, is weak uniform K —(F,, p,) — quasiconvex at

y;
(i) —b,(x, V)AL D w;9(y,u)]<0=

jel(y)

FOGYs D wm)+ D, wpid?(xy) <0,

jel(y) jel(y)
v, edfg(y,u’)ul eV’ jel(y);
(iii) a<0=¢(a) <0, 20= ¢, () 20,
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b (X, y)>0,b,(x,y)20;
(iv) p1+z;ujp2j >0.

jeA
Then the following inequality cannot hold: f (x) < f (y).

The proofs of Theorem 3.2 —Theorem 3.5 are similar
to Theorem 3.1.

Theorem 3.6 (Strong duality) Assume that X" is an
efficient solution for (VP), if forany 4 >0, i=12,---, p,

i €A, jeA, thereexist F,¢,¢,,b,b,, p R,
p3 e R" such that

P
(i) Zi, f. isuniform K—(F,, p,) — pseudoconvex aty ;
i=1

(i) b, (x, V)AL D p9(y,u')]<0=

jel(y)

FOGY D um)+ Y. wpld?(xy) <0,

jel(y) jel(y)
v ed g(y,u’)ul U’ jel(y);
(i) @ <0= ¢(a)<0,a>0= ¢ (x) >0,
b (x,y)>0,b,(x,y)20;
(V) o+ uyp] 20.;

jeA
(v) The Kuhn-Tuker condition is hold at x", that is, there
exist A~ e R?, 1" e R!" such that

> uokg(xul),

jel ()

P

0 (A 1)(X)+
i=1

49X u)=0,jeA,

P
(A, 1)=0> A4 =1
i=1

Then there exist (1", x") such that (x",u’, A", ") is
an efficient solution for (VD), and the optimal values of
(VP) and (VD) are equal.

Proof
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