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Abstract

In allusion to data error and equivalence relation for software program design, the paper proposes approximate trace equivalence of
real-time linear algebraic transition systems. Firstly, it leads real-time algebraic program into transition system and establishes real-
time linear algebraic transition system. And then, it uses matrix norm and matrix singular value decomposition to analyse
approximation of traces. Afterwards, it obtains approximate trace equivalence of real-time linear algebraic transition systems. Finally,
the traffic light control vehicle flow system example shows that approximate trace equivalence of real-time algebraic transition
systems can optimize real-time linear algebraic programs and reduce states.
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1 Introduction

Early formal model of software programs are mostly
discrete model of concurrent systems, such as various
process algebra on the language level, computation tree
logic on the logical level, automatic machine and
transition system on the structural level. They are made
up of abstract actions, discrete states and transition
relations between states. The discrete method is unable to
exchange the data stream. The data stream exchange is

one of the most important functions of software programs.

It needs to be created algebraic programs which can
describe programs data stream exchange. In 2004, Z.
Manna et al. defined Hybrid Systems program model
with polynomial equations data stream is expressed as
states transition labels and opened up a new way of
program design and verification based on polynomial
algebra [1].

How to define and determine the behaviour
equivalence of programs is one of the most important
issues in the field of software system design and
verification analysis. The same model structure as an
equivalent definition is too strictly. A class of functional
behaviour of different structure program model may be
exactly the same. Therefore, the program models with the
same function behaviour are called equivalent. Functional
equivalence makes program model be simplified by
removing the duplicate branches. Glabbeek proposed
fourteen kinds of linear time-branching time equivalence
relations [2]. Trace equivalence is a basic state space
equivalence relation and it has been widely used in the
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software system program design and verification analysis.
But at present there is no research on trace equivalence of
real-time linear algebraic transition systems.

In the software program design and verification
analysis, experimental data often have errors. We can
only take the approximate value and cannot obtain
accurate actual value. Within the error range, we can be
treated approximate value as actual value. After the value
approximation, it makes some same programs and
simplifies the structure of real-time linear algebraic
transition system.

From what has been discussion above, firstly, it
introduces real-time linear algebraic program to transition
system and establishes real-time linear algebraic
transition system. Secondly, it uses matrix norm and
matrix singular value decomposition to judge whether
two real-time linear algebraic transition systems are
approximate. Thirdly, it simplifies real-time linear
algebraic transition system by trace equivalence theory.
Finally, the traffic lights control traffic flow system
example shows that approximate trace equivalence of
real-time linear algebraic transition systems can optimize
real-time linear algebraic programs and reduce the states.

2 Real-time linear algebraic transition system

As we know, labelled transition system is a kind of
typical model which describes transition relation between
states. Many computer system modelling are based on
labelled transition system.
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Definition 1 (Labelled Transition System [3]) A
labelled transition system is a tuple M=<S, L, T, so>,
where
1) S is a finite set of states, s S is a state.

2) Lis a finite set of labels, €L is a label, a label
describes an action.

3) T SxLxS is a set of transitions.

4) s, is the initial system state.

Definition 2 (Transition of Labelled Transition
System) A transition of labelled transition system is a
tuple <s;, I, s>, where s; represents pre-state of the
transition and s; represents post-state of the transition.

Definition 3 (Trace [3]) In the transition system, a
trace is an action sequence lil, --- I, and satisfies an
execution sequence #=Sol1S1l2 - - InSn. trace(s7)=l1lz - In.

Definition 4 (Real-Time Linear Algebraic Program)
Let R be the set of real numbers, x,(i=1---,n) e Rand

x/(i=1---,n) e R be variables, t R is a time variable
and t>0. An algebraic program X'= X +(AX,+b)t is a
real-time linear algebraic program, where
Xo =Xy, Xo,)" s the initial state value of real-time
linear algebraic transition system, X =(x,,---,X,)" is the
pre-state value of real-time linear algebraic program and
X' =(x,--,x')" is the post-state value of real-time

a; ap &,
H - aZl aZZ a2n H
linear algebraic program. A= is the
a, a a

nl n2 nn

nxn matrix and A=0, b=(b,b,,---,b)" is the n

dimension column vector. The elements of A and b are all
real numbers.

In the real-time linear algebraic program, the value of
time variable t is a fixed real number. t represents the
time from one state transition to another state.

Definition 5 (Real-Time Linear Algebraic Transition
System) A real-time linear algebraic transition system is a
tuple M=<V,TX,S, P, Q, so>, where
1)V ={x,---,X,} isafinite set of system variables.

2) TX is a finite set of system state values. X, e TX is
the initial state value.

3) S is a finite set of states, s€ S is a state.

4) P is a finite set of real-time linear algebraic program,
p € P is a real-time linear algebraic program.

5) Q < SxPxS is a finite set of state transitions, g€ Q is a
state transition.

6) so€ S is the initial state.
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FIGURE 1 An real-time linear algebraic transition system
In the Figure 1, so is the initial state, X is the initial
state value. s;,5,,53 are all system states, Xi, Xz, X3
respectively represent the state value of si, Sz, S3. P1, P2, P,
pa4 are real-time linear algebraic programs.

3 Approximation of real-time linear algebraic
transition systems

In the software program design, matrix elements and
vector elements which are in the real-time linear
algebraic programs often have errors. Let A+d4 be actual
matrix, A be approximate matrix, b+db be actual vector, b
be approximate vector,
X'=X+[(A+5A) X, +(b+b)]t be actual real-time
linear algebraic program, X'=X+(AX,+Db)t be
approximate real-time linear algebraic program. In the
actual real-time linear algebraic program and
corresponding approximate real-time linear algebraic
program, time t is the same. We use matrix norm and
matrix singular value decomposition to analyse
approximation of real-time linear algebraic transition
systems.

Definition 6 (Matrix Singular Value Decomposition)
Let A=UXV' be the matrix singular value
decomposition, the  main  diagonal elements
0,20,2---20,20 of £ are called singular value of

matrix A, the column vectors u,,u,,---,u, of matrix U are
eigenvectors of matrix AA"T , u,u,,---,u, are left
singular vectors of matrix A, v,V,,---,v, are right

singular vectors of matrix A.
If 0, =---=0, =0, then the matrix A singular value

1
2
Jof

matrix A is called Frobenius norm of matrix A. Matrix
norm ||A||F and vector norm ||x||2 are inclusive.

.
decomposition is A=Y cuv; .
i=1

Let matrix Ae R™", anorm || Al :(Zmlzn]aijr

i=1l j=1

Theorem 1. For any matrix Ae R™", r=min{m,n},

[Sot -1,

Let so be the initial state, p'ip~--- p'k be the trace of
actual real-time linear algebraic transition system and it
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satisfies a finite execute sequence #=Sop'1S1p’ -+ p'kSks
pip2 --- px be the trace of approximate real-time linear
algebraic transition system and it satisfies a finite execute
sequencen=soPiSiP2-- PkSk.- p1,p'2, -+ ,p'k are actual real-
time linear algebraic programs and pi,p2, --- ,px are
approximate real-time linear algebraic programs. The
actual value of state S is

X{ =[E+ jt(A+5A)] X, + jt(b+6b) , the approximate
value of state sj is X; =(E+ jtA)X, + jtb . The actual

value X can be written as
' H H XO

X =(E+ jt(A+5A) jt(b+6h)) 1 , the

approximate  value X, can be written as

X
X; =(E+ jtA jtb)[ 1“]. Approximate of actual value

X and approximate value X, is equal to approximate
of matrix (E+ jt(A+SA) jt(b+4b)) and matrix
B,=(E+jtA jtb)  Let I<j<k,  pj
X’:X+[(Aj+5Aj)XO+(bj+5bj)]tj , o]
X'=X+(AX,+b))t; , the actual value of state s

is
is

is X;:{E+Zj:[(/-\ +§A)ti]}xo+zj:[(bi+5bi)ti] , the

value of state S is

i i
X, :{EJF;(A‘L)} X0+Zl:(biti). The actual value X
be

approximate

can written as

X: :(E+Zj:[(A LoD Dl +5bi)ti]j{xl°) . the

approximate value X can be written as

i

X, =[E+Zj:(A,ti) i(b‘ti)](xloj' The approximation

of actual value X and approximate value X; is equal to
approximation of matrix

(E+ZJ:[(A +oA)t] Zj:[(bi+5bi)ti]J and  matrix
(E@(Ati) i(biti)j.
Bj+5Bj=[E+i[<A+5A>ti] i[(biwbi)ti]J ,

B, =[E+2(Aiti) 2<biti)].

The singular value decomposition of matrix 6B; is

6B, =U;Z V" and [B] = /Zaf .
i=1
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|8, +58,)-B,| =|oB,]. = /za ~W, . For a given

positive number ¢, if it holds W, <¢ , then matrix
B, +6B; and matrix B; are approximate. If matrix
B, +6B; and matrix B; are approximate, then actual
value X and approximate value X, are approximate,

actual real-time linear algebraic program and
approximate real-time linear algebraic program are
approximate.

Definition 7 (Approximation of Traces) For a given
positive number ¢, Vvj,1< j <k, if it holds W, <k, then

actual trace p'ip"--- p' and approximate trace pipz--- p«
are approximate. If there exists W; >k , then actual trace

pwp'2 -+ p and approximate trace pipz --- px are not
approximate.

Definition 8 (Approximation of Real-Time Algebraic
Transition Systems) If all traces of two real-time linear
algebraic transition systems are approximate, then these
two real-time linear algebraic transition systems are
approximate.

Approximation of real-time linear algebraic transition
systems can optimize real-time linear algebraic programs
and reduce bits of matrix elements and vector elements. It
can improve computation speed of real-time linear
algebraic transition system. For the actual real-time linear
algebraic transition system RS, it gets approximate real-
time linear algebraic transition system RS, by
approximate algorithm.

4 Approximation trace equivalence of real-time linear
algebraic transition systems

Definition 9 (Trace Equivalence [2]) If there exists a

process q and p —=—q, then os€Act is a trace of a
process p. Let T(p) be a set of traces of process p. If
T(p)= T(q), then two processes p and ¢ are trace
equivalence, it can be written as p =rg. In trace semantics
two processes are identified if they are trace equivalence.

O ®
a a
b b
c

a

abc+ab+a abc

FIGURE 2 A trace equivalence example
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In the Figure 2, a, b, c are real-time linear algebraic
programs, left real-time linear algebraic transition system
has three traces abc, ab, a, right real-time linear algebraic
transition system has only one trace abc. The left system
and right system have the same function.

We have the approximate real-time linear algebraic
transition system RS, through trace equivalence theory
we obtain approximate trace equivalence system RS; of
actual real-time linear algebraic transition system.

Approximate trace equivalence of real-time linear
algebraic transition systems has a very important
significance. It can optimize real-time linear algebraic
programs and reduce states.

a'b'c'+a’b'+a’

FIGURE 3 An approximate trace equivalence of real-time linear
algebraic transition systems example

In the Figure 3, a',b',c' are actual real-time linear
algebraic programs, a,b,c are approximate real-time linear
algebraic programs. The left system has seven states, the
right system has four states.

5 Experiments

Assume that vehicles on a section road are divided into
two types of motor vehicle and non-motor vehicle. Exit
of road has traffic lights. Traffic light basic
transformation sequence is yellow—red—blue—yellow.
When the traffic light is yellow, vehicles which are
beyond the stop line can forward pass. When the traffic
light is red, vehicles are prohibited passage. When the
traffic light is blue, vehicles are allowed passage. Let x1
be motor vehicle flow, x, be non-motor vehicle flow,

X =(x,%,)" be vehicle flow. The initial state value of
traffic light control vehicle flow system is X, = (5,5)".

Figure 4 is the actual traffic light control vehicle flow
system.
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RS;

(P'1P'2P's)*+P'aP’s
FIGURE 4 Actual traffic light control vehicle flow system
In the Figure 4, actual real-time linear algebraic

rogram p'is X'=X 201 X Lol 2
=X+ + x2,
program p: 201)7° 101

wis X = x +|[H02 x +[ 292V 10 oy s
= X
P2 4.02)7° "\ 2.02 » Ps

[(-4.02 -2.02 )
X' =X+ X, + x11 |, p4 is

i -4.02 -2.02

[(1.99 0.99 .
X'=X+ X, + x2 ps s

I 1.99 0.99

[(3.98 1.99
X'=X+ Xo+ x10 .

I 3.98 1.99

RS,

(P1P2p3)*+p1p2

FIGURE 5 Approximate traffic light control vehicle flow system
In the Figure 5, approximate real-time linear algebraic

program p: is x’=X+H2 ZJXO{S}Z’ p2 is
4 2
X’:XJ{( jxo{ Hxlo :
4 2
—4 -2
X’=X+H jxo{ ﬂxll.
-4 -2

p3 is
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For a given positive number &=1, it uses formula

|B;+58))-B|. =58, = 20’2 =W, to obtain

|oB, ||FmaX =0.44 < ¢ . Because the corresponding traces

of RS;and RS; are approximate, actual traffic light control
vehicle flow system RS; and approximate traffic light
control vehicle flow system RS, are approximate.
Through the trace equivalence theory, we get the
approximate trace equivalence system RSs.
RSs

P3

FIGURE 6 Approximate trace equivalence system

Form what has been discussion above, approximate
trace equivalence of traffic light control vehicle flow

p2
(P1p2p3)*
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systems can optimize real-time linear algebraic programs
and reduce system states.

6 Conclusion

In this paper, the approximate trace equivalence of real-
time linear algebraic transition system is proposed. It can
optimize real-time linear algebraic programs and reduce
system states. In the future work, we will use
approximate trace equivalence of real-time linear
algebraic transition systems to study approximate trace
equivalence of real-time linear algebraic Hybrid Systems.
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