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Abstract

Using the finite element method solving a class of second order ordinary differential equations, analyses the two-point boundary
value problem of a class of second order ordinary differential equations, through numerical examples to validate its effectiveness.
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1 Introduction

Finite element method (fem) is a calculating method that
booming in the 1960’s, it has a wide range of
applications, such as elasticity related problem [1-2],
related problems in fluid mechanics [3], the heat
conduction problem [4-5].

Using the finite element method solves the following
two-point boundary value problem of second order
ordinary differential equations:

Ly = —di(p(x)d—u)+r(x)(d—u)+q(x)u =f(x) a<x<b (1)
X dx dx

u(a)=u'(b)=0 (2)
Among them
p(x) & C'Ta,b],r(x), q(x), f (x) & Cla,b], p(x) = pyy, >0,0(x) 20.

2 Generalized solution

Through the following method, the equation (3) and
equation (1) are equivalent, the solution of original
problem is called the classical solution, and solution meet
the integral form is called the generalized solution. To
determine the generalized solution of the new equation is
the starting point of the finite element method (fem).

Use it multiply equation (1) both ends, and find the x
integrate on [a, b], using part of the integral, then we can
get:

=b (b b
~p(u'(x) iz o+, POOU'COF 00X+ r()u()g(x)ax

+, 00u0#00ax = [ F (09000
By the boundary conditions (2) and ¢(a) =0, then

b b » A(U(x)(x)dx
L p(x)u’(x)¢'(x)dx + _[a r(x)u’(x)g(x)dx +J

a= j f (X)P(X)dx
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Then the u(x) is the general solution of boundary
problem (1)-(2).

3 Element subdivision and interpolation

Let a=x,<X <X, <---<X,=Db, element ¢ is region
[X, %], let u(x)=u; in x=x, u, is known, u,,---,u,
is unknown. In finite element method (fem), when
determining the subdivision, determine the specific form
of interpolation polynomial on each small unit , and
express it through the node function value, that means, in
every element e , let

u(x) = N, (Qu, + M, (u,; =[N1{5}e,,¢(x) =[N]{6"}

.
el

1 1 -
and Ni(x)::(xiﬂ—x),Mi(x):E(x—xi) is linear

interpolation function.
L =X, —X,8(X) is virtual

[NT=(N; (%), M; (x)). {5}, = (Ui, )"

displacement in element e, , {5} =(u’,u’,)" is node

displacement

is nodal

virtual displacement vector in element e, .

4 Computing units stiffness matrix and load vector

In this paper, the finite element method (fem) is given by
specific physical instance and in the engineering, matrix

e

e Uy
[K], reflects the unit’s rigidity, [K], .{5}e» :[—UE' ]

i+1
show that in order to maintain deformation of the unit e, ,
two endpoints nodes x=x,, x_, in unit e need external
force, to his balance, the two external force is the force
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—Uf and -UF, through node, and the force known as  displacement the effect on the two end node X =x;, X,

i+1

the equivalent nodal force. While unit load vector {F}e, ~ Of equivalent strength, therefore, at first, we need to
) ] o calculate the element stiffness matrix.
reflects the effect on the unit g displacement distribution Rewrite ©) as

of physical strength, its each component shows after the
3 [ [POOUOF () + PO (900 + A0URIS00TEK = 3. [ F ()0 )

Using u,u and us,u, represent

i+1

_[el(pu'¢'+ ru’¢+qu¢)dx,jei fgdx . If a number of a is

regarded as a matrix of order, we can see a' =a, then

J, (pu'g+ru'g+qug)dx = [ (p(@") u'+rgu'+ qf u)dx
= [ pasfo"} ) AB1{a}, yax+ [ rANS") ) (@B1{a}, yax+ [ a(ENI{s"] ) (NIES], Yex )
={o° }; ([ pIBY [Bldx+ [ [NT[BJdx+ [ ™" o[NT [N]dx) {5}, dx
- {5*}; K], {6},

[K], is called element stiffness matrix, its concrete

form is:

[K], = [ (p[BI'[B]+[NI'[B]+[NT [N])dx
pi r, Xis1 X1 2 pi r, Xis1 Xis1
E+fj Nid“L. qN 2dx _E+EL Nidx+JX| gN,M,dx |

P | Xis1 P | %is 2
L O Nd N.M.d L R N.d M“d
o[ e [ auman Bl N ] o

R .
Expressed {F}  as {F}, :[ e], then, unit load

i
i+1

Among it, p, =J‘:“1 p(x)dx .
Make the element stiffness matrix as
coefficient is F% = J‘f“l N, fdx, F%, = rm M, fdx .

K], :{k: i,i;l ] then stiffness coefficient ki is
iii,i iJIrl,i+1

5 Total stiffness matrix and the total load vector

ki = %Jri_[x”l N;dx + _[X'“ gN/dx

LoLx . Expand [K], ,{F}, {5}, and {5"} for n + 1 order

eI

ke, =k, :_ﬂzurij'x'“ Nidx+J'x'”quMidx, matrix and the n + 1 d vector, put (5) and (6) into (4),
' ' kL Xi then
e _ pi r, Xis1 Xis1 n— n—
SH _F+fjxi Nidx+Li QM Zdx . (6) (o) (i[K]e oy ={o1 ¢ I{F}e)
i i i0 ' i—0 o (7
_ T
J, foox=], " fox (o' (K1{5}~{F} =0

=" (N1} ) fax={s") {F), - »
' ' ' Among them, [K]=>"[K], ,{F} = {F}, as the total
{F}. is called Unit load vector, its concrete form is: _ ) =0 - .
& stiffness matrix and the total load vector respectively.

N, fx

{F}e. :Ix“[N]T fdx = IX‘ ' _ 6 Constraint handling
- M, fdx

O As on the endpoint x = 0, u(x) satisfy the boundary

conditions (2), therefore u, =0, in addition ¢(0)=0, so
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u; =0, and (7) has the form {5*}T ([K]{é}—{lf}) =0,
{5*} , {If} are respectively after the first element with 0

instead of n+1-dimensional vector in {5} , {F} [KJ is

the element in the first row and the first column in
addition to the diagonal to 1, use O instead of the back

rest of the n+1 matrix. Due to the arbitrary of {5} , We

can obtain:

[K{e}={F}.
From the change in the overall stiffness matrix [K]

for the first line in the first column elements, forming
process of [K] , known as the constraint processing.

(8)

Main purpose is to require the desires of function satisfy
the boundary constraint conditions u, =0 on boundaries.
After dealing with the constraints, a new overall stiffness
matrix [KJ from positive semi-definite to positive

definite. In fact, because:

(6} [K](6) = @uyu,)  [K](OUyu,)" 20
So [KJ is symmetric positive definite, so a linear

equations (8) solution is unique. Because above is our
whole process in solving the equation (3), and because
equation (3) and equation (1) are equivalent, so here
equation (8) is the solution of the original problem (1)
what we want.

7 A Numerical example and conclusion

Consider the following second order ordinary differential
equation with two-point boundary value problems:

{—(xzu’(x))'+ 2u(x) =2x*,0<x<1
(1), this example as

u(0)=u') =0
Compare with equation

p(x)=x*, r(x)=0, q(x)=2, f(x)=2x*, now the

interval [0, 1] is divided into four units, the five
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coordinates of nodes are

NG

X, =0,% = % X, % X , X, =1 respectively.

Stiffness matrix:

2 2
=X i+1

i+1 i+1

X

4 20
4(x X +x3) (3, +x) =X X
( i |) 3( |) 3 i+17%

g(xizu + X.Z) _2_30 XX 4(Xi2+l — XXt X.Z)

load vector:

2 2
a Xi+l(xi+1 +X

1
3 X; +Xi2)_5(xi + %) O¢ + %)

i+1

2
paXi %)

X RO K2, O, X
3
The overall stiffness matrix is [K]:Z[K]e , total

i=0 i

load vector is [F]={F} {F}e, , the exact solution is

1 . .
u(x) = X—EXZ, the numerical results are shown in Table

1.

TABLE 1 Numerical result

Exact Approximate Absolute Relative
node - .
solution solution error error
1/4 0.21875 0.21637 2.38E-03 1.088E-02
1/2 0.375 0.37476 2.4E-04 6.4E-04
3/4 0.46875 0.46881 6.0E-05 1.28E-04
1 0.5 0.52475 2.475E-02 4.95E-02
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