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Abstract 

Over the years, with the rapid development of computer simulation, the probability distribution of birthdays [1, 2] has been a hot 

topic. Based on the distinguishable ball-into-box issue, this paper started from a seemingly simple ball placing problem and extended 

to the question of birthday frequency distribution, i.e. people birthday in different dates probability distribution and the distribution 

law. In addition, also the most important, the value was obtained by Monte Carlo simulations with different frequency distribution 
birthday days through computer, finally achieving the theoretical value of the frequency values to estimate the probability.  
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1 Introduction. Discussion of different conditions when 

placing balls  

 

1.1 THE PROBABILITY OF EACH BOX HAVING 

BALL 

 

First, we have an example. Suppose there are 10 

distinguished balls randomly placed into 4 boxes. 

Calculate the probability of the ball number of each box. 

To simplify the problem, we put one ball in each box 

first, which means that there is at least one ball per box. 

Then the rest of the 6 balls are randomly placed into the 

boxes. Now we just need to calculate the distribution of 

the rest of the 6 balls. The corresponding distribution is in 

Table1. 

 
TABLE 1 Distribution of the number of groups 

Distribution using 6 

Balls 
Number of Groups 

Corresponding Distribution of 10 

Balls 

Number of Ball Placements in Each 

Group 

Number of Ball 

Placements 

6000 
1

4 4C   7111 
10!

 720
7!


 

2880 

5100 
1 1

4 3 12C C   6211 
10!

2520
6!2!


 

30240 

4200 
1 1

4 3 12C C   5311 
10!

5040
5!3!

  60480 

4110 
1 2

4 3 12C C   5221 
10!

7560
5!2!2!


 

90720 

3300 
2

4 6C   4411 
10!

6300
4!4!


 

37800 

3210 
1 1 1

4 3 2 24C C C   4321 
10!

12600
4!3!2!


 

302400 

3111 
1 3

4 3 4C C   4222 
10!

18900
4!2!2!2!


 

75600 

2220 
3

4 4C   3331 
10!

16800
3!3!3!

  67200 

2211 
2 2

4 2 6C C   3322 
10!

25200
3!3!2!2!

  151200 

Total Number of 

Groups 
84  Total Number of Placement Methods 818520 

 

As we know, the total number of placement methods 

is 104 1048576 . 

From the above table, we concluded that the 

probability of each box having a ball is 

10

818520 818520
0.7806.

10485764
p   

 

 

1.2 THE DISTRIBUTION OF THE NUMBER OF 

BOXES THAT HAVE A BALL  
 

We placed 10 distinguished balls into 4 boxes randomly. 

The distribution of the number of boxes that has a ball 

(X) is shown in Table 2.  
 
TABLE 2 Distribution of the number of boxes that has ball with 10 

balls and 4 boxes 

 

Number of Boxes X 4 3 2 1 

Number of Placement 

Methods for one box 
818520 55980 1022 1 

Number of box 

choosing method 
4

4 1C 
 

3

4 4C 
 

2

4 6C 
 

1

4 4C 
 

Total Number of 

Placement Methods 
818520 223920 6132 4 

Probability p 

818520

1048576

0.780602



 

223920

1048576

0.213547



 

6132

1048576

0.005848



 

4

1048576

0.000004


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Theorem 1.1 [3] 

  

If n discernible balls are randomly placed in m boxes, 

suppose the number of balls placed in each box is 

1 2, , , mk k k  respectively  1 2 mk k k n    .  

If ( , )K m n  is the number that satisfies 

1 2 mk k k n    , the different types of ball 

placement is described by the set   1 2, , , mk k k .   

( , )K m n  is then obtained by the recursion  formula: 

1 1  0

( , ) 1

( 1, ) ( , 1) 1, 1

m or n

K m n m n

K m n K m n n m

 


 
      .(1)                                                  

Next, we use mathematical induction to prove the 

theorem by considering three cases of the problem. 

1) When m=1, n balls are randomly placed into a box, 

and there is only one case: n  balls put into the single 

box. 

2) When n=1, 1 ball is randomly placed into n boxes, 

and there are n placement  methods.  

Therefore the collection:   1 2, , , mk k k  has m 

elements, which are: 

 

     1,0, ,0 , 0,1, ,0 , , 0,0, ,1
 

. 

 

3) When n>1, m>1, suppose that 

( 1, 1) ( 2, 1) ( 1, 2)

( , 1) ( 1, 1) ( , 2)

( 1, ) ( 2, ) ( 1, 1)

K m n K m n K m n

K m n K m n K m n

K m n K m n K m n

       


     
       .(2)  

For m boxes, the number of balls in Box 1 is 

, 1, ,1,0n n , and there are 1n   possibilities in total. 

Suppose the number of the balls in Box 1 is 

,( , 1, 1,0)i i n n  , then the remaining n i  balls are 

placed into the remaining 1m  boxes, Subsequently, 

the set   1 2, , , mk k k  becomes ( 1, )K m n i     

0

( , ) ( 1, ) 1 ( 1,1) ( 1,2)

               ( 1, 1) ( 1, )

            ( ,1) ( 1,2) ( 1, 1) ( 1, )

            ( ,2) ( 1, 1) ( 1, )

            ( , 1) ( 1, )

n

i

K m n K m n i K m K m

K m n K m n

K m K m K m n K m n

K m K m n K m n

K m n K m n



       

     

        

      

   



.(3)  

 

Theorem 1.2 [3] 

 

If n distinguished balls,are randomly put into m boxes, 

then the number of placement  methods is: 
( , )

1 1 2

!

! ! !

K m n

i m

n

k k k


 

and the number of balls in each box is: 1 2, , , mk k k
 

respectively,  1 2 mk k k n     

Proof: Corresponding to each  1 2, , , mk k k  the 

number of placement methods is 
 

11 2

1 1 2 2 1 2 1( ) ( )

1 2 2 1 2 11

1 1 2 1 2 1 1 2 2 1 1 2 1

1 2

( )! ( )!( )!!

!( )! !( )! !( )! !( )!

!

!

m m

m m

k kk k

n n k n k k k n k k k

m m

m m m m m m

C C C C

n k k k n k k kn kn

k n k k n k k k n k k k k k n k k k k

n

k k



       

 

   

            
     

                 


! !mk  

Then, the number of putting is: 

 

( , )

1 1 2

!

! ! !

K m n

i m

n

k k k


 

 

From Theorem 1.2, we have the inference. 

 

Inference 1.1        

  

( , )

1 1 2

!

! ! !

K m n
n

i m

n
m

k k k


 

 

2 The extension of the distribution of the number of 

the boxes that has a ball  

 

Theorem 2.1 [4] 

 

Allocate n distinguished balls to m boxes randomly, 

( )m n , and the probability of each box having ball is 

1 2

1 2 1 2

( , )

1

1

1 !
( , )

( 1)!( 1)! ( 1)!

1 ! !

! ! ! ( 1)!( 1)! ( 1)!

m

t m

K m n m

n
i i i i

K

n
i i i i i i i

n
P m n

m k k k

m n

m m m m k k k








  


  




. (4)  

K  Indicates the number of balls in descending order 

of all boxes after allocating n-m balls to m boxes. ti  

indicates that the amount of the distribution of different 

numbers of balls in descending order, 
ti

m indicates the 

number of the same balls corresponding to this 

distribution .Such as if the number of balls is ”4110”, the 
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distribution is 
4 2 0

1 2 1

 
 
 

, 
mi

k  indicates that after 

allocating n balls to m boxes, corresponding to the ith 

method, the number of each box, then 3ti , 

   
1 2 3
, , 1,2,1i i im m m  ,    

1 2 3 4
, , , 4,1,1,0i i i ik k k k  . 

The number of placement methods that guarantees a 

ball in each box is ( , )nm P m n . 

 

Theorem 2.2 When placing n distinguished balls into N 

boxes randomly the distribution of the box that has a ball 

is: 

( , )
{ } ( , )

nk n

kN

Nn

C k P k n k
P X k C P k n

N N

 
    

 

 1~ min( , )X n N , (5) 

where ( , )P k n  indicates the probability of each box 

having a ball when placing  n balls into k boxes. 

 

Inference 2.1 When placing n balls to k boxes 

randomlythe probability that any two balls are not in the 

same box is: 
!

( , ) !
{ }

n n
n n nN n
N N

n n n

n
C n

C n P n n C nnP X n
N N N

   

 
(6) 

  

3 The problem of birthday distribution  

 

3.1 THE BASIC QUESTION OF BIRTHDAY 

DISTRIBUTION 

 

Suppose if there are N  people and the probability of at 

least two people having their birthdays on the same day is 

p [5,6], then 
( 1) ( 1)

1

1 2 1
  1 1 1 1

365 364 (365 1)
  1

365

364 363 365 1
  1

365 365 365

n

n

N N N n
p

N

n

N N N

n

n

   
 

    
        

    

  
 

     
      

    

 

 

3.2 THE PROBLEM OF FIRST”COLLISION” 

 

We refer to the phenomenon of people being born on the 

same day as ”collision”. When 30n  , the probability of 

collision is high, as shown below: 

365 364 (365 1)

365

364 363 365 1
  

365 365 365

n

n
q

n

  


     
     
      
Suppose X is the number of balls when the first 

collision happens with putting balls in N  boxes at 

random.  

Then, 

2,3, , , 1X N N  , 2

1
{ 2}p P X

N
  

, 

3

1 2
{ 3}

N
p P X

N N

 
    

  ,  

4

1 2 3
{ 4}

N N
p P X

N N N

  
     

   

 
1 2 2 1

{ }k

N N N k k
p P X k

N N N N

     
     

   
  

Theorem 3.1 Suppose, that 

1 2 2 1
{ }

1 2 2 1
   

k

N N N k k
p P X k

N N N N

N N N k N k

N N N N N

     
     

 

       
      
     

1 { 1}

1 2 2 1
      

1 2 2 1
      

kp P X k

N N N k N k k

N N N N N

N N N k N k k

N N N N N

   

      
    
 

        
      
     

   

 
1

2

1 1

              

k kp p A N k k AN k

A k k N

      

   
 

Then we have  0

1
1 1 4

2
k N   . 

If 0k k , 1 0k kp p   , the probability is monotone 

increasing. 

If 0 1k k  , 1 0k kp p   , the probability is 

monotone decreasing. 

1) If 0k is an integer, when 0k k  or 0 1k k  . There is 

a maximum probability. 

2) If 0k is not an integer, when  0 1k k  . There is a 

maximum probability. 

When 10N  , the distribution of ball numbers is 

shown in Table 3. 

What’s more,  0

1
1 1 4 3.7

2
k N    , when 

4k  ,the probability is highest, and 4.66 5EX   , 

2.94DX   (see Figure 1) 

 
TABLE 3 The distribution of ball numbers when n=10 

The balls number X with first collision The probability p 

2 0.1 

3 0.18 

4 0.216 

5 0.2016 

6 0.1512 

7 0.09072 

8 0.042336 

9 0.014515 

10 0.003266 

11 0.000363 
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FIGURE 1 The probability of the balls’ number with first collision 

when n=10 

When the number of box N=12, the Figure 2 we 

simulated on computer obtained as follows. 

From Theorem 3.1, we have 

 0

1
1 1 4 4

2
k N    , and from the Figure 2, we can 

see that ,when 4k   or 5k  , the probability is the 

highest. 

FIGURE 2 The  probability of  the balls’ number with first collision 

when n=12 

 
3.3 EXTENDING BALL DISTRIBUTION TO 

BIRTHDAY DISTRIBUTION  

 

To extend ball distribution to birthday distribution [7], 

365 boxes will represent the days of the year and each 

ball will represent a person. Therefore, the problem of 

placing distinguished balls into boxes becomes a problem 

of whether or not different people have the same 

birthdays. Different n, N values correspond to different 

birthday [8]. 

However, when the number of people (n) is greater 

than 50, the amount of computation is enormous. Hence, 

we can use Monte Carlo simulation [9-12] to generate 

random numbers within the scope of the day to solve this 

problem, and then regard the frequency of its appearance 

as the probability. 

1) Under the equally possible birthday conditions i, 

when the number of birthday (N) equals 365, and n=30, 

we use the formula to calculate the probability of a line 

after 10000 times of simulation experiments with theore-

tical values. The birthday number distribution frequency 

value of the line chart is shown in Figure 3. 

FIGURE 3 Birthday number distribution frequency value of the line 

chart when n=365,n=30 

From Figure 3, it is obvious that when the number is 

30, the number of birthdays is mainly distributed in the 

range of 27 to 30. Its frequency is higher in this scope, 

and therefore if the number is small, the same birthday 

probability is smaller and less likely to appear. 

The following is the calculation of the probability 

when the number of people is 30, and the birthday num-

ber distribution is 28. We can still assume that if we put 

30 balls into 365 boxes, 28 boxes will have a ball. 

According to the above example, the problem can be 

divided into the following two steps: 

(1) Choose 28 boxes from 365 boxes, and there 

are 28

365C selection methods. 

(2) Put 30 balls into these 28 boxes, and the 

probability of each box having a ball is 3028 (28,30)P . 

The probability is: 

30

3028

365

365

)30,28(28),(
}28{

PC

N

nkPkC
XP

n

nk

N  , 

where (28,30)P  indicates that we first put a ball into each 

of the 28 boxes, which ensures that each box will have a 

ball, and then put the remaining 2 balls randomly. Thus, 

we just need to calculate the distribution of these two 

balls. The distribution and the corresponding placement 

methods of ten balls are shown in the Table 4. 

From the Table 4, we take (28,30)P  into the above 

probability formula, and can directly draw the con-

clusion: each box has a probability of 0.2238.  

2) Figure 4 shows some equally possible conditions. 

The number of birthdays 365N  , the number of people 

100n  . We get 10000 times birthday number distri-

bution line frequency values through simulation, and use 
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frequency values to estimate the probability of the 

theoretical value. 

When we increase the number of people greatly, it is 

obvious that the line becomes relatively stable.  
 

TABLE 4 The distribution of balls with N=30,X =28  

Distribution of 2 

Balls 

Number of 

Groups 

 Corresponding 

Distribution of 30 Balls 

Number of Placement 

Methods of ach group 

Total Number of Placement Methods 

in This Distribution 

2000…0 1

28 28C   3111…1 30!

3!  

30!
28

3!


 
1100….0 2

28 378C 
 

2211…1 30!

2!2!  

30!
378

2!2!


 

The total number 

of group 

406  The total number of putting 
method 

342.5066 10  

 
FIGURE 4 365 days, n=100, the 10000 birthday of the distribution of 

the number of days frequency values line chart 

Birthday number distribution increases in probability 

near 90. Therefore, when the number of people is 100, 

there is a large probability that the same birthday appears. 

Since the theoretical value of the amount of 

calculation is too large, it is no longer listed.  

3) For equally possible conditions, such as birthday, 

the number of birthday 365N  , the number of people 

365n   and 1000n  , through simulation to get 10000 

times birthday number distribution line frequency values, 

and using frequency values to estimate the probability of 

the theoretical value, is shown in  Figures 5 and 6. 

 

4 Conclusion 

 

Starting from the ball-into-box problem, this article ex-

tended the question of distinguished ball distribution and 

correlated it to the question of birthday frequency distri-

bution. However, the amount of previous discussion 

about birthday frequency was small, which made the im-

plement relatively easier. In this article, the widely dis-

cussed birthday question has been extended, and a diffe-

rent birthday distribution law of the number of days was 

obtained. This was eventually combined with the Monte 

Carlo simulation technique, using the principle of random 

numbers to simulate different people's birthday in order 

to acquire its frequency. When frequency simulation is 

large, it becomes closer to the true probability, and the 

corresponding distribution can be obtained. 
 

 

FIGURE 5 365 days, the number of people 365, the 10000 birthday of 
the distribution of the number of days frequency values line chart 

 
FIGURE 6 365 days, the number of people 1000, the 10000 birthday of 

the distribution of the number of days frequency values line chart 
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