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Abstract

Over the years, with the rapid development of computer simulation, the probability distribution of birthdays [1, 2] has been a hot
topic. Based on the distinguishable ball-into-box issue, this paper started from a seemingly simple ball placing problem and extended
to the question of birthday frequency distribution, i.e. people birthday in different dates probability distribution and the distribution
law. In addition, also the most important, the value was obtained by Monte Carlo simulations with different frequency distribution
birthday days through computer, finally achieving the theoretical value of the frequency values to estimate the probability.
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1 Introduction. Discussion of different conditions when
placing balls

1.1 THE PROBABILITY OF EACH BOX HAVING
BALL

First, we have an example. Suppose there are 10
distinguished balls randomly placed into 4 boxes.

TABLE 1 Distribution of the number of groups

Distribution using 6 Number of Groups

Balls Balls
6000 C,=4 7111
5100 cicl=12 6211
4200 cicl=12 5311
4110 C,C2=12 5221
3300 C2=6 4411
3210 cicici=24 4321
3111 cici=4 4222
2220 Ci=4 3331
2211 CiCi=6 3322
Total Number of 84

Groups
As we know, the total number of placement methods

is4'° =1048576 .
From the above table, we concluded that the

probability of each box having a ball s
_ 81815020 _ 818520 _ 0.7806.
4 1048576
1.2 THE DISTRIBUTION OF THE NUMBER OF
BOXES THAT HAVE A BALL

We placed 10 distinguished balls into 4 boxes randomly.
The distribution of the number of boxes that has a ball
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Calculate the probability of the ball number of each box.
To simplify the problem, we put one ball in each box
first, which means that there is at least one ball per box.
Then the rest of the 6 balls are randomly placed into the
boxes. Now we just need to calculate the distribution of
the rest of the 6 balls. The corresponding distribution is in
Tablel.

Number of Ball Placements in Each Number of Ball

Group Placements

= 720 2880

51-02'- =2520 30240

; !03!1 =5040 60480
5 zo 51— 7560 90720
% = 6300 37800
arsizi = 12600 302400
Fiaia131 ~ 18900 75600
Siai31 = 16800 67200
3!31!02!!2! = 25200 151200
Total Number of Placement Methods 818520

(X) is shown in Table 2.

TABLE 2 Distribution of the number of boxes that has ball with 10
balls and 4 boxes

Number of Boxes X 4 3 2 1
Number of Placement
Methods for one box 818520 55980 1022 1
Number of box 4_ 3_ 2_ 1_
choosing method Ci=1 Co=4 C=6 Ci=4
Total Number of
Placement Methods 818520 223920 6132 4
818520 _ 223920 6132 4 _
Probability p 1048576 1048576 1048576 1048576
0.780602 0.213547 0.005848 0.000004
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Theorem 1.1 [3]

If n discernible balls are randomly placed in m boxes,
suppose the number of balls placed in each box is

ki Ky, oo+ Ky respectively (ki +ky +-+k, =n),
If K(mn) is the number that satisfies
ki +k, +---+k,=n  the different types of ball

placement is described by the set {(k1 TS )} .
K(m,n) is then obtained by the recursion formula:
1 m=1lorn=0
K(m,n)=<m n=1
K(m-14,n)+K(mn-1) n>1m>1 Q)
Next, we use mathematical induction to prove the
theorem by considering three cases of the problem.
1) When m=1, n balls are randomly placed into a box,
and there is only one case: n balls put into the single
box.

2) When n=1, 1 ball is randomly placed into n boxes,
and there are n placement methods.

Therefore the collection: {(kpkzv“'nkm)} has m
elements, which are:

(lO,"',0),(0.1.'",0),"'.(0,0.'“,1)

3) When n>1, m>1, suppose that

kl kz eee km—l km
C, Cn-k1 Cn—(k1+k2<~~+km,2)Cn—(k1+k2~~+km,l)
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Km-L,n-1)=K(Mm-2,n-1)+K(m-1,n-2)
K(mn-1)=K(m-1,n-1)+K(m,n-2)
Km-14,n)=K(m-2,n)+ K(m-1,n-1) )

For m boxes, the number of balls in Box 1 is
n,n—1---1,0, and there are n+1 possibilities in total.
Suppose the number of the balls in Box 1 is
i,(i=n,n-1---1,0), then the remaining n—i balls are
placed into the remaining m—1 boxes, Subsequently,

the set {(kukz""’km)} becomes K(m—-1,n—i)

K(m,n):Zn:K(m—l,n—i):1+ K(m-11)+K(m-12)

+--+K(Mm-Ln-)+K(m-1n)
KmD)+K(m-12)+---+K(m-L,n-1)+K(m-1n)
K(m,2)+--+K(m-1,n-1)+ K(m-1n)
K(mn-1)+K(m-1n) .(3)

Theorem 1.2 [3]

If n distinguished balls,are randomly put into m boxes,
then the number of placement methods is:
K(m,n) n|

=k k1K !
and the number of balls in each box is: kl,kg,"',km
respectively, (k1 +k, +o k= n)

Proof: Corresponding to each (kl,kz,---,km) the
number of placement methods is

— n! (n_kl_kz_”'_kmfz)! (n_kl_kZ_”'_km—l)!
- kl!(n_kl)! kz!(n_kl_kz)! km—ll(n_kl_kz_”'_km—z_km—l)! km!(n_kl_kZ_”'_km—l_km)!

(n — k1)!
n!
kMK Lk
Then, the number of putting is:
K(m,n) n!
= KK, 1k !

From Theorem 1.2, we have the inference.

Inference 1.1
K (m,n) n'
- n

—=m
Ik, Lk !

2 The extension of the distribution of the number of
the boxes that has a ball

Theorem 2.1 [4]
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Allocate n distinguished balls to m boxes randomly,
(m <n), and the probability of each box having ball is

o B 1 K(mn-m) n!
(m,n) = - ; (kil +1)!(ki2 +1)!...(|<im +1)!
1 y 4)

K m! !
T mt S mtm, tem E(k + DUk, + (k1)
K Indicates the number of balls in descending order
of all boxes after allocating n-m balls to m boxes. i,
indicates that the amount of the distribution of different
numbers of balls in descending order, M; indicates the

number of the same balls corresponding to this
distribution .Such as if the number of balls is 41107, the
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4 20
121

allocating n balls to m boxes, corresponding to the it"
method, the number of each box, then i, =3
(m,mm )=(121),(k .k, k .k, )=(4110).

The number of placement methods that guarantees a
ball in each box is m"P(m,n).

distribution is ( j ki indicates that after

Theorem 2.2 When placing n distinguished balls into N
boxes randomly the distribution of the box that has a ball
is:

_{L”

CXk"P(k,n
N—() Nj C,'jP(k,n)

N n

X e[1~min(n,N)], (5)
where P(k,n) indicates the probability of each box
having a ball when placing n balls into k boxes.

P{X =k} =

Inference 2.1 When placing n balls to k boxes
randomlythe probability that any two balls are not in the
same box is:
nan n!
CL‘,n"P(n,n)_CNn n"
N"  N°

Cyn!
==

P{X =n}= ()

3 The problem of birthday distribution

3.1 THE BASIC QUESTION OF BIRTHDAY
DISTRIBUTION

Suppose if there are N people and the probability of at
least two people having their birthdays on the same day is

p [5,6], then
po1_ N-(N=1)---(N—-n+1)
Nn
i)
N N N
_,_365-364--(365-n+1)
365"
3 (364](363] (365—n+1j
h 365 )\ 365 365

3.2 THE PROBLEM OF FIRST”COLLISION”

We refer to the phenomenon of people being born on the
same day as “collision”. When n =30, the probability of
collision is high, as shown below:
~365-364---(365—-n+1)
- 365"
364 (363 365-n+1
(365} 365) [ 365 j
Suppose X is the number of balls when the first

collision happens with putting balls in N boxes at
random.
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Then,

1
X =23 N,N+1 P, =P{X ZZ}ZW

N-1) 2
p,=P{X =3
{ }[NJN
N-1 N-2) 3
=P{X =4}=| —=. 2 |.=2
p, = P{ }(N NjN
N-1 N-2 N-k+2) k-1
=P{X =k}= . -
b, = P{ }[N =2 Nk jN
Theorem 3.1 Suppose, that
N-1 N-2 N-k+2) k-1
=P{X =k}= . i
p=P{ }[N N N jN
_(Nfl_NfZWka+2] [ﬁ k— 1}
“UN N N N N
Pea=P{X=k+1}
_(N71.N72.“N7k+2'N7k+lj k
U N N N N N
_[N—l.N—2.'.N—k+2J(N—k+l.£j
U N N N N N
P — P = A(N =k +1)k — AN (k 1)

—A(—k2+k+N)

Then we have k, :%(1+\/1+ 4N )

If kK <Ky, Py — Py >0, the probability is monotone
increasing.
If k>ky+1, p.,—P. <0, the probability is

monotone decreasing.

1) If k, is an integer, when k =k, or k =k, +1. There is
a maximum probability.

2) I kyis not an integer, when k =[k,]+1. There is a
maximum probability.

When N =10, the distribution of ball numbers is
shown in Table 3.
What’s  more, k0=%(1+J1+4N)=3.7 ., when

k =4 ,the probability is highest, and EX =4.66~5 ,
DX =2.94 (see Figure 1)

TABLE 3 The distribution of ball numbers when n=10

The probability p
0.1
0.18
0.216
0.2016
0.1512
0.09072
0.042336
0.014515
0.003266
0.000363

The balls number X with first collision

B
RPBoow~vwourwN
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FIGURE 1 The probability of the balls’ number with first collision
when n=10
When the number of box N=12, the Figure 2 we
simulated on computer obtained as follows.
From Theorem 3.1, we

k, =%(1+ J1+4N )=4, and from the Figure 2, we can

have

see that ,when k=4 or k=5, the probability is the
highest.
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FIGURE 2 The probability of the balls’ number with first collision
when n=12

3.3 EXTENDING BALL DISTRIBUTION TO
BIRTHDAY DISTRIBUTION

To extend ball distribution to birthday distribution [7],
365 boxes will represent the days of the year and each
ball will represent a person. Therefore, the problem of
placing distinguished balls into boxes becomes a problem
of whether or not different people have the same
birthdays. Different n, N values correspond to different
birthday [8].

However, when the number of people (n) is greater
than 50, the amount of computation is enormous. Hence,
we can use Monte Carlo simulation [9-12] to generate
random numbers within the scope of the day to solve this
problem, and then regard the frequency of its appearance
as the probability.
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1) Under the equally possible birthday conditions i,
when the number of birthday (N) equals 365, and n=30,
we use the formula to calculate the probability of a line
after 10000 times of simulation experiments with theore-
tical values. The birthday number distribution frequency
value of the line chart is shown in Figure 3.

)} Figure 1
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FIGURE 3 Birthday number distribution frequency value of the line
chart when n=365,n=30

From Figure 3, it is obvious that when the number is
30, the number of birthdays is mainly distributed in the
range of 27 to 30. Its frequency is higher in this scope,
and therefore if the number is small, the same birthday
probability is smaller and less likely to appear.

The following is the calculation of the probability
when the number of people is 30, and the birthday num-
ber distribution is 28. We can still assume that if we put
30 balls into 365 boxes, 28 boxes will have a ball.

According to the above example, the problem can be
divided into the following two steps:

(1) Choose 28 boxes from 365 boxes, and there

are CZ selection methods.

(2) Put 30 balls into these 28 boxes, and the
probability of each box having a ball is 28% P(28,30).
The probability is:

CLk"P(k,n) CZ 28" P(28,30)
N 365
where P(28,30) indicates that we first put a ball into each
of the 28 boxes, which ensures that each box will have a
ball, and then put the remaining 2 balls randomly. Thus,
we just need to calculate the distribution of these two
balls. The distribution and the corresponding placement

methods of ten balls are shown in the Table 4.

From the Table 4, we take P(28,30) into the above
probability formula, and can directly draw the con-
clusion: each box has a probability of 0.2238.

2) Figure 4 shows some equally possible conditions.
The number of birthdays N =365, the number of people
n=100. We get 10000 times birthday number distri-
bution line frequency values through simulation, and use

P{X =28} =
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frequency values to estimate the probability of the
theoretical value.

TABLE 4 The distribution of balls with N=30,X =28

Distribution of 2 Number of Corresponding
Balls Groups Distribution of 30 Balls
2000...0 Ci, =28 3111...1
1100....0 C% =378 2211...1
The total number 406
of group
) Figure 1 [[=[ES]
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FIGURE 4 365 days, n=100, the 10000 birthday of the distribution of
the number of days frequency values line chart

Birthday number distribution increases in probability
near 90. Therefore, when the number of people is 100,
there is a large probability that the same birthday appears.

Since the theoretical value of the amount of
calculation is too large, it is no longer listed.

3) For equally possible conditions, such as birthday,
the number of birthday N =365, the number of people
n=365 and n=1000, through simulation to get 10000
times birthday number distribution line frequency values,
and using frequency values to estimate the probability of
the theoretical value, is shown in Figures 5 and 6.

4 Conclusion

Starting from the ball-into-box problem, this article ex-
tended the question of distinguished ball distribution and
correlated it to the question of birthday frequency distri-
bution. However, the amount of previous discussion
about birthday frequency was small, which made the im-
plement relatively easier. In this article, the widely dis-
cussed birthday question has been extended, and a diffe-
rent birthday distribution law of the number of days was
obtained. This was eventually combined with the Monte
Carlo simulation technique, using the principle of random
numbers to simulate different people's birthday in order
to acquire its frequency. When frequency simulation is
large, it becomes closer to the true probability, and the
corresponding distribution can be obtained.
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When we increase the number of people greatly, it is
obvious that the line becomes relatively stable.

Number of Placement Total Number of Placement Methods

Methods of ach group in This Distribution
y ZSXE
3! 3!
so! 378x 0
2121 2121
The total number of putting 2.5066 x10%
method
) |Figure 1 Q@@
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FIGURE 5 365 days, the number of people 365, the 10000 birthday of
the distribution of the number of days frequency values line chart
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FIGURE 6 365 days, the number of people 1000, the 10000 birthday of
the distribution of the number of days frequency values line chart
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