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Abstract 

Based on the principle of added mass method, a method of calculating the dynamic response of the large liquid storage tank under seismic 
loads is proposed in this paper i.e. equivalent load method. The main idea of this method is converting the added mass to dynamic surface 
pressure. Compared with added mass method, equivalent load method not only simplifies calculation process but also improves 
computational efficiency. In order to verify the feasibility of the proposed method, a large liquid storage tank(36m in diameter and 19m in 
height) was simulated in ABAQUS with added mass method and equivalent load method respectively. The user subroutine UEL was 
introduced to build added mass element and the different distributions of dynamic pressure was derived in equivalent load method. The 
results of added mass method and equivalent load method show that they are numerically close. It illustrates the difference and relationship 
between equivalent load method and added mass method in calculating the dynamic response of the large liquid storage tank under seismic 
loads, at the same time demonstrates the feasibility of equivalent load method.  
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1 Introduction 
 
Large liquid storage tank is usually used to store flammable, 
explosive or toxic liquid, once destroyed, the consequence 
is destructive. Hence the safety performance of the tank 
becomes more and more important. The liquid storage tank 
is thin-walled container with large diameter. Such structural 
features lead to poor resistance to deformation under dyna-
mic loads. The bottom of the liquid storage tank suffers lar-
ge hoop tensile stress and axial compressive stress. Plastic 
deformation concentrates mostly in this part of the tank, 
resulting in the failure modes called “elephant foot effect” 
and “diamond effect”. 

Haroun and Housner [1-2] used shell element to simulate 
the wall of the tank and used added mass method to simulate 
the liquid’s dynamic pressure. They also derived the added 
mass matrix with the boundary integral theory. Hoop shells 
with four degrees of freedom were used to discrete the wall 
of the tank into four parts to reduce the total number of deg-
rees of freedom. Not only did they analyze the vibration cha-
racteristics of the elastic liquid storage tank, but they discus-
sed the influence of the sloshing of the liquid free surface and 
the initial environmental stress on the liquid storage tank wall. 
In 1974, Veletsos [3] put forward an assumed mode method, 
the idea of this method is simplifying the liquid storage tank 
into a single degree of freedom system, the inertia force of 
fluid to the tank wall is equivalent to added mass attached to 
the wall on assuming that the wall vibrates in accordance with 
the pre-assumed deformation vibration model. This method 
was developed into Veletsos Yang model [4] in 1976 and its 
main idea is simplifying the model into a one-dimensional 
cantilever, which is one of the most commonly used methods 
in the calculation of the dynamic response of liquid storage 
tank. Veletsos also analysed the elastic liquid storage tank 
with Flugge’s shell element theory. Displacement of any 
point on the wall was represented by the superimposed inhe-
rent vibration modes of the cantilever. Part of the liquid atta-
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ched to the tank wall was built to simulate the contact inter-
action of the liquid and the wall. Zhuang Zhuo and Xiaochuan 
You [5-7] using finite element software ABAQUS simulated 
the dynamic response of large liquid storage tank under seis-
mic load. Basing on Housner and Veletsos added mass for-
mula, they achieved added mass method in ABAQUS by 
introducing user subroutine UEL and analysed the occurrence 
mechanism of the "elephant foot effect" and "diamond effect" 
by energy principle. 

Based on the existed liquid storage tank model, the first 
part of this paper calculates the value and distribution of the 
added mass by Housner and Veletsos’s formula. Finite ele-
ment analysis software ABAQUS [8] was used to calculated 
the dynamic response of liquid storage tank under seismic 
loads. In addition, a method is put forward in this paper that 
transfers the dynamic pressure of the liquid on the wall to a 
time-varying surface pressure from the idea of Housner and 
Veletsos who decoupling the dynamic pressure of the liquid. 
The value and distribution of the surface pressure was obtai-
ned by Housner and Veletsos formula. The dynamic respon-
se under seismic load was calculated. The second part of this 
paper mainly compares the results calculated by the two 
methods, and analyses the internal force changes quantitati-
vely under the dynamic load. A new simple and efficient 
method is proposed in this paper to analyse the dynamic res-
ponse of the large liquid storage tank. The simulation results 
can provide theoretical basis for structural design. 
 
2 Model parameters of liquid storage tank 
 
2.1 GEOMETRIC PARAMETERS 
 
Large liquid storage tank mainly works under fluid pressure 
increasing gradually from top to bottom. Based on the 
strength design concept, liquid storage tank consists of seve-
ral tubes in different thickness [9], and the wall thickness 
decreases gradually from the bottom. The model in this 
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paper is 36m in diameter, 19m in height and the bottom plate 
is 15mm in thickness. Geometric parameters of the model 
are shown in Figure 1. 

 
FIGURE 1 Geometric parameters of the liquid storage tank wall 

 
2.2 PARAMETERS OF SEISMIC LOAD 
 
EI Centro seismic wave of USA California earthquake in 
1940 is selected to be the seismic load in this simulation. 
Recording time of this earthquake is 30s and the accelera-
tion is in north-south direction, peak accelerator appears at 
2.12s and the value is 3.417 m/s2. In this simulation, the 
record of the relatively small amplitude after 16s was igno-
red. The maximum value of the earthquake acceleration ti-
me history curve curves in 8 degree seismic fortification in-
tensity is 1.1m/s2 in code for seismic design of buildings. 
Compressing the acceleration amplitude to 0.322 times of 
the original value, the actual earthquake acceleration time 
history curve for this simulation is shown in Figure 2. 

 
FIGURE 2 Seismic acceleration curve 

 
3 Added mass method and finite element model 
 
3.1 ADDED MASS METHOD 
 
In Housner’s theory, liquid is assumed to be ideal fluid 
without stickiness and compressibility. Equivalent spring-
mass model is selected to calculate flowing pressure of li-
quid. The flowing pressure is divided into pulsating pressure 

and convection pressure in this method [10], and pulsating 
pressure is the main part. Figure 3 shows some parameters 
of the liquid storage tank. 

 
FIGURE 3 Liquid storage tank coordinates and parameters 

When the cylindrical liquid storage tank subjected to im-
pulse acceleration a (t) in x-axis direction, the fluid will also 
obtain an acceleration a0 in x-axis direction. Supposing that 
accelerations in the vertical and tangential direction are both 
zero, fluid can be simplified into a lot of fluid beam parallel 
with x-axis, there’s no relative displacement between adja-
cent fluid beams. The dynamic pressure of the liquid on the 
tank wall obtained by Housner method is shown as Eq.(1). 
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The force can be seen as a inertial force that caused by 
an equivalent added mass, the equivalent added mass is 
shown as Eq.(2). 
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Veletsos (1970s) took the elasticity of liquid storage tank 

wall into account and obtained the distribution of dynamic 

liquid pressure. Based on Chopra’s research of dam-liquid 

storage tank system dynamic pressure coupling effect [11], 

Veletsos assumed the system to be single degree of freedom. 

He supposed that longitudinal profile shape was variable du-

ring the deformation of the container. The deflection profile 

used in this paper is  
z
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Dynamic liquid pressure of any point (θ, z) on the liquid 
storage tank wall can be obtained , 
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The Veletsos added mass formula can be simplified into 
Eq. (5). 
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3.2 FINITE ELEMENT MODEL OF LIQUID STORAGE 
TANK 

 
4 nodes reduced integrated element S4R is selected to simu-
late the tank, 2 nodes beam element is selected to simulate 
the reinforcing ring. All the elements size is 0.5m. There are 
totally 14266 elements and 13702 nodes. Added mass ele-
ment is simulated by the user subroutines UEL in ABAQUS. 
Its principle is adding a user element with mass on the liquid 
storage tank wall element, the new added element share no-
des with the original shell element. 

According to Housner and Veletsos added mass theory, 

the value of added mass at any point of liquid storage tank 

wall is cosine of the added mass on the line of θ = 0.

 
z

z
h

   is used to represent deflection profile in Veletsos 

theory. When the liquid storage tank is full of liquid (17m), 

values of added mass on the line θ = 0 distribute along the 

height according to Housner method and Veletsos method 

are shown in Figure 4.  

 
FIGURE 4 Distribution of added mass along height 

 
3.3 SEISMIC RESPONSE ANALYSIS STEP 
 
The simulation process for model with added mass is divi-
ded into two steps, the hydrostatic pressure step and the seis-
mic load step. 3 degrees of freedom of translation for bottom 
of the tank are restrained. When acceleration in 1 direction 
is applied, restraint in 1 direction will be released. 

When using equivalent load method (applying dynamic 
load on surface) to simulate the response of liquid storage 
tank under seismic loading, the analysis process is also divi-
ded into two steps, the application of hydrostatic pressure, 
and the application of time-varying dynamic load on surface 
in the form of Housner or Veletsos distribution. 3 degrees of 
freedom of translation on tank bottom are restrained. 
 
4 Results and discussions  
 
4.1 STRESS DISTRIBUTION OF LIQUID STORAGE 

TANK 
 
On the condition that liquid storage tank is full of liquid, 
analyses for seismic response of liquid storage tank with 
added mass method and equivalent load method were con-
ducted respectively. The results are shown in Figure 5-8 and 
listed in Table 1. It can be seen in table 1 that the maximum 
Mises stress in the four methods are in little difference. 
Among them, the biggest is 78.6MPa obtained from Hous-
ner added mass method and the smallest is 60.2MPa obtai-
ned from Veletsos equivalent load method. The tank wall is 
supposed to be rigid in Housner added mass method, which 

resulted in a bigger stress during the calculation. The posi-
tion of the biggest Mises stress occurred in the same position 
except the equivalent load method. It can be concluded that 
the stress is bigger at the point of (0, 1.5) and it is necessary 
to pay more attention on it. The biggest Mises stress occurs 
in added mass method at about 4.90s, while in equivalent 
load method it is about 2.46s. Because of the added mass 
element, the dynamic response of the whole structure lags 
behind the original structure [12]. 

TABLE 1 stress results 

Reservoir 

Housner 

added 

mass 

Veletsos 

added 

mass 

Housner 

equivalent 

load 

method 

Veletsos 

equivalent 

load 

method 

Max Mises 

stress (MPa) 
78.6 62.8 65.2 60.2 

Max Mises 

stress position 

(, Z) 

(0,1.5) (0,1.5) (118,1.5) (0,1.5) 

Time of max 

Mises stress 

(s) 

4.92 4.88 2.46 2.46 

 

 
FIGURE 5 Maximum Mises stress (Housner added mass method) 

 
FIGURE 6 Maximum Mises stress (Veletsos added mass method) 

 
FIGURE 7 Maximum Mises stress (Housner equivalent load method) 
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FIGURE 8 Maximum Mises stress (Veletsos equivalent load method) 

 
4.2 LIQUID STORAGE TANK DEFORMATION 

ANALYSIS 
 
Displacement results of the liquid storage tank under seis-
mic load are shown in Figure 9-12 and listed in Table 2. It 
can be seen in the table that the maximum displacement in 
four methods are similar. Among them, the biggest is 6.9 
mm obtained by Housner added mass method and the 
smallest is 5.2mm obtained by Veletsos equivalent load 
method. Comparing the position where the biggest displace-
ment came out, displacement of added mass method distri-
bution is near the line  = 0º and equivalent load method 
distribution is near the line  = 45º. Three of the biggest 
displacements appear 1.5m above bottom of the tank, near 
the position of the biggest Mises stress. Comparing the mo-
ments when the biggest displacement occurs, time of added 
mass method is behind that of the equivalent load method 
due to the added mass element. 

TABLE 2 displacement results 

 
Housner 

added 

mass 

Veletsos 

added 

mass 

Housner 

equivalent 

load 

method 

Veletsos 

equivalent 

load 

method 

Max 
displacement 

(mm) 

6.9 5.4 5.6 5.2 

Position of 
max 

displacement 

(, Z) 

(0, 6.5) (0, 1.5) (44, 1.5) (45, 1.5) 

Time of max 

displacement 

(s) 

5.92 5.88 3.46 3.12 

 

 
FIGURE 9 Maximum displacement (Housner added mass) 

 
FIGURE 10 Maximum displacement (veletsos added mass) 

 
FIGURE 11 Maximum displacement (Housner equivalent load method) 

 
FIGURE 12 Maximum displacement (Veletsos equivalent load method) 

Figure 13 shows the maximum displacement of the li-
quid storage tank wall obtained by the added mass method 
at each moment. It can be seen that the response of the liquid 
storage tank under seismic loads obtained by the Housner 
added mass method stronger than the response obtained by 
Veletsos added mass method. The deformation from Hous-
ner added mass method changes in a wide range while the 
results from Veletsos added mass method is relatively stable. 
Figure14 shows the contrasts of wall’s deformation between 
two kinds of equivalent load method in every moment. The 
comparison shows that the results of the the Housner distri-
bution and Veletsos distribution of equivalent load method 
have the same trend and the wall’s deformation is larger in 
Housner distribution. From Figure 13 and Figure 14, it can 
be inferred that the deformation of the liquid storage tank is 
mainly caused by the hydrostatic pressure of the liquid. 
 

 
FIGURE 13 Each moment of maximum displacement of added mass 

method 
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FIGURE 14 Each moment of maximum displacement of equivalent load 

method 

 
5 Conclusions 
 
A new method of equivalent load method is proposed for the 
research on dynamic response of large liquid storage tank 
under seismic load. Compared with added mass method, it 
has several advantages. The using of ABAQUS user subrou-
tine UEL is avoided, and instead of the added mass element 
method, dynamic surface pressure method is adopted. In this 
way the simulation process simplifies greatly, and the hard-
ware requirement is reduced as well. The efficiency of ope-
ration improves drastically. 

Added mass method and equivalent load method are used 

to simulate a full level liquid storage tank under seismic load. 
The dynamic responses of liquid storage tank are obtained. It 
suggests that the using of equivalent load method to calculate 
the liquid storage tank’s dynamic response is feasible. 

Comparing the results from Housner added mass me-
thod and Veletsos added mass method, the stress and defor-
mation from Housner added mass method are more unstable. 
The reason for this phenomenon is that Housner’s theory 
based on the rigid liquid storage tank wall while Veletsos’s 
theory assumes that the liquid storage tank wall is elastic. 
Results from two equivalent load methods are similar and 
agree well with the results from added mass method. It can 
be conclude that the using of equivalent load method for the 
study of dynamic response of the liquid storage tank under 
seismic loading is simple and efficient. 
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