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Abstract

In this article, we investigate the duality results for a class of non-differentiable multi-objective fractional programming problems. The
parametric dual models and Wolfe dual models are formulated for this fractional programming. Weak, strong and strict converse duality
theorems are established and proved based on the generalized invexity assumptions. Some previous duality results for differentiable
multi-objective programming problems turn out to be special cases for the results described in the paper.
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1 Introduction

The term multi-objective programming is an extension of
mathematical programming where a scalar valued
objective function is replaced by a vector function. Many
approaches for multi-objective programming problems
have been explored in considerable details, see for
example [1,2]. The multi-objective  fractional
programming refers to a multi-objective problem where
the objective functions are quotients of two functions.
Recently, the studies about the optimizations of the multi-
objective fractional programming problems have also been
a focal issue due to in many practical optimization
problems the objective functions are quotients. For
example, in [3-5] some necessary and sufficient optimality
conditions for a feasible point to be an efficient solution
for  non-differentiable =~ multi-objective  fractional
programming problems were obtained in the framework of
generalized convexity.

Furthermore, duality plays a fundamental role in
mathematics, especially in optimization. It has not only
used in many theoretical and computational developments
in mathematical programming itself but also used in
economics, control theory, business problems and other
diverse fields. It is not surprising that duality is one of the
important topics in multi-objective optimization. A large
literature was developed around the duality in multi-
objective fractional optimization under the generalized
convexity assumption. For example, the results in [6-11]
have weakened the convexity hypothesis and made the
important contribution in duality theorems.

In this paper, motivated by the above work, the duality
results are obtained for a class of multi-objective fractional
programming problem under the assumptions of
(b,a)— p—(n,0) — invexity.

“Corresponding author e-mail: angang21@126.com

151

2 Definitions and preliminaries

Definition 1. Let X < R". The function f: X —R is

locally Lipschitz on X, if there exists a positive constant
k , such that:

[T ()= F0Q) <K[X —X|, VX, %, eX . o)

Definition 2. If f: X — R is locally Lipschitz on X,
the generalized Clarke directional derivative of f at

x e X inthe directiond € R" is defined by:

fly+td)-f(y)

fo(x;d) = .

lim

sup
(y.)>(x0")

@

The generalized sub-gradient of a locally Lipschitz
function f at x e X is defined by:

®)

Throughout this paper, we will use the following the
definitions given in [11], we always assume that X is an
open subset of R", b: X xX x[0,]] > R", b(x,X,)=

limb(x;, x,,4) 20,: X xX = R"\{0},7: X xX - R",
A—0"

o (x)={£eR": f°(x;d)2(£,d),vd eR"}.

O:XxX >R", peR.

Definition 3. A Lipschitz function f: X — R is said
to be (b,a)—p—(n,0) — invex at ue X, if there exists
b,a,n,0 and p, such that:

b W)L () — f (W= (X, W& 7))+ el W (4)

Remark 1. If in the above definition, we have strict
inequality for any x=u , then we say that f is

(b,@)— p—(n,6) —strictly invexat ue X .



COMPUTER MODELLING & NEW TECHNOLOGIES 2014 18(10) 151-157

Definition 4. A Lipschitz function f: X — R is said
to be (b,&)— p—(77,0) — pseudo-invex at u e X , if there
exists b,a, 7,0 and p, such that:

(a(x,u)&,n(x,u))+ p|O(x, u)||2 >0= )
b(x,W[f(X)—f)]=0,vxe X, & eof (u),

Definition 5. A Lipschitz function f: X — R is said
to be (b,a)—p—(n,6) — quasi-invex at ue X , if there
exists b,a,7,0 and p, such that:
b(x,u)[f(x)-fU)]<0=

2 (6)
(a(x,u)é,n(x,u))+p|O(xu)| <0,vxe X, & e of (u).

Definition 6. A Lipschitz function f: X — R is said
to be (b,a)— p—(n,6) — strictly quasi-invex atu e X , if
there exists b,a, 77,6 and p, such that:

b, u)[ f (x)— f (U)] <0 = (a(x,u)&,n(x,u))+

;
p||9(x,u)||2 <0,Vx#Ue X,&eof (u). "

3 Parametric duality

In this section, we consider the parametric dual model for
(MFP). The dual can be formulated as follows:

PP )
1.0 341, () ~vg, W]+

i=1

maxv = (v,,V,

Zﬂjahj(u)a
=

(MFD») f,(u)—v,g,(u)= 0,foralli=12,---, p,
Z:,ujhj(u)g 0,
=
AeAN ueR! veR"

Let:

D° ={(u, A4, ,v) € X x A" xR" xRP,
0 A [01, (W) ~vdg, W]+ 345,20, (), W) ~v,0,(W) 2

Owithi=12,p,> uh(u)= 0}
j=1

denote the feasible set of (MFD3).
Theorem 1. (Weak Duality) Let
(U, A, 1,V) e D°. Suppose that:

X’ eX® and

(i) f is (b,a)—p —(7,0) — invex at u , —g, is
(0, a)—p,—(7,60) —invexand regularat u, i=12,---,p;
(i) h;is (c,a)—y; —(n,0) —invex at u, j=12,---,m;

(iii) b (x,u)>0,i=1,2,---, p,c(x,u)= 0;
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(iv) D Ai(p+Vvip)+ D u7; 2 0.
i=1 j=1

Then F(x) £V .
Proof: Suppose contrary to the result that F(x)<v .
That implies:

Mé vi,fori=12,---,p,

8
g;(x) ®)
and:
Ma_/k,forsomeke{lz,m,p}. (9)
9, (x)
That is:
f.(x)-vig,(X) = f,(u)-vig,(u),fori=12,---,p, (10)
and:
fl (0 =Vig, () < () - Vg, (W), 1)

forsomek e{1,2,---, p}.

Since (u,2,,v)eD® and b (x,u)>0,i=12-,p, the
above inequalities yield:

S b KIAL00-vig, (91 <

p

)

i=1

(12)
b, (X, u) Ail f, (u) —vig; (U)].

Also, using x e X° and ¢(x,u) >0, we have:

c(},ﬁ)i;jhj x)= c(i,a)i;jhj (u). (13)

Adding the above two inequalities together, we get:

ibi (%, U)2i ( f,(X) =Vig; (X)) +c(X, G)i;jhj (x) <
|;l I:L (14)
2B WA F () ~vig, () +e(x, U)X e h; (),

By the hypothesis (i) and (ii), we have:

b (x,u)(f, () - f,(u) 2

(a(x.u)é 7(u)+p Joxw)| . vE < of @), o)

b, (x,u)(~g; () + g, (W)

- IR _ (16)
(@t u)(=¢).m0u))+ o, oo w)| Ve, < g, (),
c(x,u)(h;(x) - h, (U) =

(a(x.u)z, n(x,0))+7, ||e(;,a)||2 vz, e oh,(u). )
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Multiplying Equation (15) with 4; and Equation (16)
with Zivi, then summing up these equations, we obtain:

30 (687 (1,00~ £,@) g, (9 +vig, @) +

c(i,a)i;j[hj(i)_hj(a)]g
. (18)
<O!(X,U)[Zﬂ,i (§| _Vié/i)+ZﬂjTj]ln(X’u)>+

|:iii (o, +\_/i;i)+zm:,;‘j7jj|"9(;,a)"2,

According to the constraint condition of (MFD;) and
the hypothesis (iv), we can conclude that

30, (% 0 (1,00~ £,(0) ~vig, () + g, (@) +
':1__ L B (19)
c(x,u)Zyj[hj(x)—hj(u)]é 0.

We have a contradiction. Hence, the result is true.
Theorem 2. (Weak Duality) Let xeX°
(u, A, 11,v) € D°. Suppose that:

and

(i) f,—vig, is (b,a)—p —(7,60) — strictly quasi-invex
and regular at u,i=12,---,p;

(ii) h,is (c,a)~y, —(7,6) —invexat u, j=12,---m;
(iii) b(x,u)= 0,i=1,2,---, p,c(x,u)> 0;

P _ m o _
(iv) D Aip+> 17,2 0;
i1 i1

Then F(x) £V .
Proof: Suppose contrary to the result that F(x)<v .
That implies:

Mé vi,fori=12,---,p,

g;(x) 20)
and:
9 G, for some k 41,2, p}. 21)
9. (x)

That is:
f.(x)-vig,()= f,(u)—-vig,(u),fori=12---,p, (22)

and:
f (X)—Vig, (X) < f, (U)—Vig, (u),for some k e{L,2,---, p}.(23)
Since b (x,u)= 0, the above inequalities yield:

b (WL () —vig, 0)) —(f(u) -vig (W)= 0.  (24)

153

Gao Xiaoyan

By the hypothesis (i), we have:

(e & -v)ntw) + o, Joxu)f <o
vgi € af| (a), é/i € 6g| (l_J), i= 17 21"'! p.

(25)

Since Ai >0, we obtain:
<a(§,a)_§pﬁi (& —vi&) (X, G)>+_§pﬁi P, ||e(§, G)||2 <0.(26)

According to the hypothesis (ii), we get:

c(x,u)(h, (x) —h, (W) 2 <a(;,a)rj,n(;,a)>+

. . (27)
yiflocew| v eon @), j=12,m.
Since x e X° and (u, 4, 1,v) € D°, it follows that:
e ) by (0~ Dy, @) 2
- T (28)
<a(;,a)zp,¢j,n&,a>>+zpm lox.a) 2 o
We have:
<a(§<,a){iii & —\'n;i)+i;jfj ]n(;,a)>+
i=1 j=1 (29)
{Zzipi +Z;j7j}||e(;,a)||2 <0
By the hypothesis (i) and (ii), we have:
b, (¢ U)(F, (0 = ) Z (a(x,u)é, n(x,u))+
. _ (30)
pleeu)| . vé e o),
b (X, U)(=0, () + 6, ) Z {ex(x,u)(=¢) n(x,u)), an
pJocu] ve, o9, @),
c(x,u)(h, (x)—h, (W) = <a(§,ﬁ)r1,n(§,6)>+
(32)

_ — 2 —
7iflocw| v, e an; ).
Using the constraint condition of (MFD1), we obtain:

(33)

We have a contradiction to hypothesis (iv). Hence, the
proof is complete.

Theorem 3 (Strong Duality). Let x be an efficient
solution of (MFP) at which the generalized Kuhn-Tucker
constraint qualification is satisfied. Then there exists

AeA™, ueR™andveR’ , such that (x,4,.,V) is a

SN}

feasible solution of (MFD;), and the values of the objective

Information and Computer Technologies [
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functions for (MFP) and (MFD;) are equal at x and
(X, A, 11,V) .

Furthermore, if the assumptions of Theorem 4 or
Theorem 5 hold for all feasible solutions of (MFP) and
(MFDy), then (x,4,uv) is an efficient solution of
(MFDy).

Proof: Since is an efficient solution of (MFP) for which
the generalized Kuhn-Tucker constraint qualification is

satisfied, then there exists AeA**, ueR™ andveR’,
such that (x,4,.,V) satisfies the conditions of (GKT).
f,(x)
It is clear that the values of the objective functions for
(MFP) and (MFD,) are equal at x and (X, 4, z,V).

In addition, from the weak duality Theorem 4 or
Theorem 5, for any feasible solution (x, A, #,v) € D°, the
following cannot hold:

The conditions imply that vi ,foralli=1,2,---,p.

Lf)é v, fori=12,---,p,

34

g;(x) &9
and:

W)y for some k e{L2,---, p}. (35)

9:(x)

Hence, we conclude that (u,1,,v) is an efficient

solution of (MFD,).
Theorem 4 (Strict Converse Duality): let X and
(u, 2, 12,v) be an efficient solution for (MFP) and (MFDy),
fi(x)

respectively with vi = :
g:(x)

for all i=12---p .
Suppose that:

(i) f,-vig is (b,a)-p —(n,60) — strictly invex and
regular at u,i=1,2,---,p;

(ii) h,is (c.a)—y, —(7,6) —invexat u, j=12,---,m;
(i) b (x,u)= 0(i=1,2,---, p),c(x,u)= 0;

P _ m o _
(iv) D Aip+> 17,2 0.
i1 -1

Then x =u, u is an efficient solution for (MFP).

Proof: Suppose contrary to the result that X#£U.
By the hypothesis (i), we have:

b, (%, WI(f, () ~Vig, (X)) = (f, (U) ~vig, (u))] >
()& —vig) )+, Jox )]
V& €df (u), ¢ €dg,(u),i=12,, p.

(36)
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From the constraint condition of (MFD1) and b (x,u)= 0,
we get:

— — I —— 2
(ax )& —vid).n(x )+ pfocxu) <o @7)

Since Ai >0, the above inequality yields:

<a(§,a)i71i & —Qigi),n&,a)>+
o7 . (38)
Zﬁipi "6’(;(,6)" <0

Using the hypothesis (ii), we have:

c(xu)(h, ()=, @) Z {@(xu)z; n(x.u))+

— 2 _ (39)
7 leGw| Ve, ean @), i=12-m

Since 4,2 0, j=1,2,--,m, the inequality follows:

e ) 1, (0 - D0, @) 2
J=; = ) (40)
<a(;,a>z;,.rj,q(;,a)>+zpjyj lox.f 2o

From the constraint condition of (MFD;:) and the above
inequality, we obtain

<a(§,ﬁ)_z;jrj,n(i,a)>+zpjyj ||e(;,a)||2 <0, (41
Summing up Equations (38) and (41), we concludes that
<a6<,ﬁ){zii & —Qig)+i;jq]n(i,ﬁ)>+
{Z/_hpi +Zm:;zj;/j}"9(§,ﬁ)"2 <0

The above inequality together with the hypothesis (iv)
implies

(42)

<a(§,ﬁ){zpﬁi (& —Qigi)+zp:;jrj},q(i,a)> <0. (43)

We have a contradiction. Hence x =u.
4 Wolfe duality
In this section, we consider the Wolfe type dual model for

(MFP). The Wolfe type dual can be formulated as follows:
(MFD):
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AOESWIXORERAORS WANO

G, — RS
maxG(u =4 @) RO

St 03 AG WA ) + 3, (W)

P m
_Z/i’.[fi (u) + Zlujhj(u)]agi (u),
i1 i
AeANT ueRM ueX.

Let:
E®={(u,4, u) e X xA"" xR

034, (WIEK, (1)~ v,0g, ()] 31,00, (u),

(W) -v,0, ()2 OWith i =12, p, >4, (1) 2 0}

denote the feasible set of (MFDy).
Theorem 5. (Weak Duality)

Let xe X° and (u, 2, ) € E°. Suppose that:

(i) fis (b,a)-p —(n,6) —invexat u, —g,is
(b.,a)— p, —(n,0) —invex and regular at u,i=1,2,--,p;
(ii) h,is (c.a)~y, —(7,6) —invexat u, j=12,---,m;
(i) b(x,u)>0,i=12,---,p,0<c(x,u)< 1;

(V) p+b (X U)Y 17,2 0,p,Z 0i=1,2,,p.

i1

Then F(x) £G(u, 1) -

Proof: since (u, 4, 11,) € E°, it follows that there exists
& edf,(u),¢; €dg,(u),7; €0h,(u),i =12+, p,
j=212,---,m, such that:

iiigi@){é +iﬁ,-r,}—iii[fi @)-3h, @), =0

Suppose contrary to the result of the theorem that
F(X) £ G(u, &) . That implies:

@+ Y@
fi(x) < = fori=12,,p, (44)
g;(x) g;(u)
and
R AOES WD
(%) < = ,forsome k e{1,2,---, p}. (45)
g (%) g, (u)
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Therefore:

f,(x)g, (u) - g, ()L T, (G)éﬁjhj(ﬁ)l
=0,fori=12,---,p

and:

f &)gk(ﬁ)—gk&){n @)+, (G)}o
forsomek e{L1,2,---, p}.

Since:

b.(x,u)>0,g,(u)>0and z;h, ()< 0,(i=12,-,
(j=212,---,m), the above inequalities yield

?igi(ﬁ)bi (ULt (i)+2/7,-h,» ()1-
Z::Zigi (b, (6 U , (G)+Jf;;jhj ()] <0.
Thus:

i, (W), O u) [ (£,00 = f (W) +

p
i=1

j=1

o N

(X, U)(g; () — g; (u)) <.

By the hypothesis (i) and (ii), we have:

b, (%, U)(f, () = f, @) Z (e (x,u)&, n(x,u)) +
plocuf v e @),

b, (x,u)(~g; (x) + g, () 2
(@ U200+ o )] v¢, < g, (w).

c(x,u)(h;(x) - h, (u) =

- — - — — — 2 —
(auuyr, mu))+7, o0 )|, vr, e on; ).
Since 0<c(x,u)=< 1, Equation (52) implies:

h,(x)~h, @2 (e, 7(x0))+7; o) -

Gao Xiaoyan

(46)

(47)

Pp).

(48)

S, G- 3, (G)H—ii{fi@)i;jhj (G)]

(49)

(50)

(51)

(52)

(83)

Using ;_zj = 0(j=1,2,---,m), Equation (53) yields:

Information and Computer Technologies [
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> (- @2

(54)
- _ m __ — m __ - — 2
<a(x,u)z,ujrj,77(x, u)>+2yjyj ||¢9(x,u)|| .
j=1 i=t
Multiplying  Equations  (50) and (54) with

2ig, (u) and Zig, (u)b, (x, u) , respectively, and multiplying
Equation (51) with A;( f, (u)+2y h, (u)) , then summing

these inequalities together, we obtam.

> i, @b D[ (6,60~ @) +

Saner- S

(izjhj -
[f @+ 2 (u)}b ()@, () -9, @) 2

'MU

I
5N

(55)

mo_
+> U
i1

Jrjj—iﬁi(fi (u)+

p

<a(i,ﬁ){iiigi(ﬁ>[é
uih, (G))g} ,n(i,ﬁ)HZ

i 060 S O o of

i=1

Zig, (u)(p, +b; (x,u)

2
"

1
5N

The above inequality together with the constraint
conditions and hypothesis (iv), implies

3 70, @b, (. 0)[ (1,60 £, @)+

one-gano]
izi {f (u)+z,ujhj (u)}
b (i,u)(gi(x)—gi(u»z

i=1
which contradicts Equation (49). This completes the proof.
Theorem 6: (Weak Duality). Let xeX° and
(u, 2, 12) € E°. Suppose that:

@) 6,0+ D, 05 (b,0) - o, ~ (7,6)~ invex and

(56)

regular at u, -g;(-)is (b, a) - p, —(17,6)— invex and
regular at ui=12,- p;

(i) b (xu)>0,i=12,--p;
(iiiyp=0,p,20,i=12,---,p.
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Then F(x) £G(u, 1) .

Proof: the proof is similar to the Theorem 5.

Theorem 7. (Strong Duality) Let x be an efficient
solution of (MFP). Suppose that there exists 1 <A™ and
ueR" that 4;h,(x)=0(j=12,---,m) and
(u,A,1) is a feasible solution of (MFD,). Then the
objective function values of (MFP) and (MFD) are equal
at x and (U, 4, ) -

Furthermore, if the assumptions of Theorem 8 or
Theorem 9 hold for all feasible solutions of (MFP) and

(MFDy), then (u, 4, 1) is an efficient solution of (MFD).

Proof: Based on the weak duality theorem, we can
obtain the result that (u, 2, ) is an efficient solution of
(MFDy).

Theorem 8. (Strict Converse Duality) Let X and
(u, 1, 1) be an efficient solutions of (MFP) and (MFD,),
respectively. Suppose that:

f (}) - f; (u)+§/ujhj(u)
gi(x) g;(u)

M) O+ a0 is B.a)—p—(0.0)- invex and

such

Q) ,i=12,--,

P

-9,() is (b,a)—p, —(n,6)— invex and
regularat u,i=12,---,p;

(i) b (x,u)>0,7,Z 0,p, P

Then X =u, thatis, u is an efficient solution of (MFP).

regular at u ,

=0,i=12,---

5 Discussion and conclusion

Throughout this paper, we have established two dual
models namely parametric duality models and Wolfe
duality models for the multiobjective fractional
programming problem. Several duality results were
derived and proved with the help of (b,a)—p—(7,6) -

Invexity assumption. The results should be further
opportunities for exploiting this structure of the
multiobjective fractional programming problem.
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